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Abstract

Since the fractional Brownian motion is not a semi-martingale, the
usual Ito calculus cannot be used to define a full stochastic calculus.
However, in this work, we obtain the It6 formula, the It6—Clark rep-
resentation formula and the Girsanov theorem for the functionals of a

fractional Brownian motion using the stochastic calculus of variations.

1 Introduction

In engineering applications of probability, stochastic processes are often used
to model the input of a system. For instance, the financial mathematics re-
quires stochastic models for the time evolution of assets and the queuing
networks analysis is based on models of the offered traffic. Hitherto, the
stochastic processes used in these fields are often supposed to be Marko-
vian. However, recent studies [8] show that real inputs exhibit long-range
dependence : the behavior of a real process after a given time ¢ does not
only depend on the situation at ¢ but also of the whole history of the process
up to time ¢. Moreover, it turns out that this property is far from being
negligible because of the effects it induces on the expected behavior of the
global system [12].

Another property that have the processes encountered in applications
(at least in communication networks) is the self-similarity (see [8]): their
behavior is stochastically the same, up to a space-scaling, whatever the time-
scale is — this is to say that the process {Xu¢,t € [0,1]} has the same law
as the process {a! X;,t € [0,1]}, where H is called the Hurst parameter.
Several estimations on real data tend to show that H often lies between

0.7 and 0.8 whereas for instance, the usual Brownian motion has a Hurst
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parameter equal to 0.5 but it is also clear that some real processes have
a Hurst parameter less than 0.5 — see [5]. There exist several stochastic
processes which are self-similar and exhibiting long-range dependence but
the fractional Brownian motion (fBm for short) seems to be one of the

simplest.

Definition 1.1. For any H in (0, 1), the fractional Brownian motion of index
(Hurst parameter) H, {W/; t € [0,1]} is the centered Gaussian process
whose covariance kernel is given by

Ru(s,t) = By [WHWH] < %(sﬂ{ 420 s\ZH)

where
def I'(2 —2H) cos(mH )

mH(1 —2H)

Vu

Since for H # 1/2, the fBm is not a semimartingale, we can not use
the usual stochastic calculus to analyze it, however since it is a Gaussian
process, we can apply the stochastic calculus of variations which is valid on
general Wiener spaces. Actually, two choices are offered to us : either some
well known properties of the standard Brownian motion are used to derive
some properties of the fBm or we can proceed by an intrinsic analysis of the
fBm. The first approach leads us to the [t6—Clark formula whereas the 1t6
formula and the Girsanov theorem are more intrinsic results. This paper is
organized as follows : in Section 2, we give some results on hypergeometric
functions and deterministic fractional calculus which will be useful in the
sequel, in Section 3 we give some sample—paths properties of the fractional
Brownian motion, in section 4 we introduce the stochastic calculus of varia-
tions. It enables us to define several stochastic integrals with respect to the
fractional Brownian motion of any order. We can then give the It6—Clark
representation formula and the Girsanov theorem for adapted processes. In
the last section, we give It6 formulae for H > 1/2 using different stochastic
integrals. Throughout the paper, we give two practical applications such as
the simulation of sample-paths of the fractional Brownian motion and an

estimation problem involving an fBm.
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2 Deterministic fractional calculus

The Gauss hypergeometric function F'(a,b,c,z) (for details, see [11]) is de-
fined for any a,b, any z, |z| < 1 and any ¢ # 0,—1,... by

+o0
Flasbe,z) Y- GRS, S
k=0

where (a)g = 1 and (a)g =l I(a+k)/T(a) =ala+1)...(a+k—1) is the
Pochhammer symbol. If a or b is a negative integer the series terminates
after a finite number of terms and F'(a,b,c,z) is a polynomial in z. The
radius of convergence of this series is 1 and there exists a finite limit when
z tends to 1 (z < 1) provided that R(c —a — b) > 0. For any z such that
larg(l — z)| < 7, any a, b, c such that R(c) > R(b) > 0, F can be defined by

¢ 1
F(a,b,c,z) et % /0 w1 —w) N1 - zu) T du. (2)

Given (a, b, c), consider X the set of triples (a/,¥’, ') such that |a —a/| =1
or |b—"b|=1or|c—¢| =1 Any hypergeometric function F(a’,V',c, 2)
with (a/,b,¢) in ¥ is said to be contiguous to F'(a,b,c). For any two hy-
pergeometric functions F; and Fb contiguous to F'(a,b,c, z), there exists a

relation of the type :
PO(Z)F(Q, ba ¢, Z)+P1 (Z)Fl(z)+P2(Z)F2(Z) =0, for Zs |(IT‘g(1—Z)| <, (3)

where for any 4, P; is a polynomial with respect to z. These relations permit
to define the analytic continuation of F'(a,b,c,z) with respect to its four
variables in the domain C x C x (C\{0,—-1,-2,...}) x {z, larg(1—z)| < 7}.
We will also use other types of relations between different hypergeometric

functions, namely :

F(a,b,c,z):%(1—z)_“F(a,c—b,l—i—a—b,l/(l—z))
M —2)7? c—a,l—a -z
F(c—b)I’(a)(l )" "F (b, .1 +b,1/(1 —2)), (4)

for any z such that |arg(l — z)] < m and @ — b # 0,£1,+2,.... We now

consider some basic aspects of the deterministic fractional calculus — the

main reference for this subject is [13].
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Definition 2.1. Let f € L'([a,b]), the integrals

(12 ) < < /f — 1) ldt, v >,

def

(L= f)(z) /f Yo — ) 'dt , z < b,

where a > 0, are respectively called right and left fractional integral of the

order «.

For any o > 0, any f € LP([0,1]) and g € L%([0,1]) where p~'+¢7! < o,

we have :

| 16 -9)6) ds = [z ns)ats) ds (5)
0 0

Definition 2.2. For f given in the interval [a, b], each of the expressions

s N Y (L) .

def d [a]+1 1 {a}
(05 @) < (-4 f(@)
are respectively called the right and left fractional derivative (proved they

exist), where [a] denotes the integer part of @ and {a} = a — [a].

A sufficient condition for f to be a-differentiable almost everywhere
(with respect to the Lebesgue measure on [a,b]) is that f is continuously
differentiable of any integer order less than [a] and that f (2D is absolutely
continuous. Note that (Dalﬁ f) coincides with the usual derivative of ab-
solutely continuous function. Moreover, if f is a-differentiable then f is
[-differentiable for any 5 < a.

Proposition 2.1. For o € C such that ®(a) > 0, we have :

o Igaf = f for f € L'([a,})),
oD f = f for f€I% (L ([a,b])).

As a consequence, we will often denote D¢, by I _*. Moreover, for
p > 1, the latter proposition also induces that a function f in I, (LP([a, b]))
is a—differentiable (for a reciprocal of this assertion, see [13, page 232]) and
hence continuous. Some extra work proves that such a function is Holder
continuous of order a—1/p — [13, Thm 3.6, page 67]. The next theorem will
be a key result for the sequel :
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Theorem 2.1 (cf [13, page 187]).
For H € (0,1), consider the integral transform :

(Kuf)(t) =
N(H+1/2)7! /t(t— o) V2RP(H—-1/2,1/2—H,H+1/2,1—t/z) f(z)dz.
0
(6)

Ky is an isomorphism from L*([0,1]) onto Ié{fl/Q(LQ([O, 1])) and

Kypf = Igfxl/%HIOlf_HxH*l/Qf for H<1/2,
Kgf = Ié+xH_1/ZI£_1/2m1/2_Hf for H>1/2.

Note that if H > 1/2, r — Kpy(t,r) is continuous on (0,t] so that we can

include t in the indicator function.

3 Properties of the Fractional Brownian Motion

Using the Kolmogorov criterion, it is easy to see that for any H, there exists
a version of W whose sample-paths are continuous and with standard
techniques, it can also be shown that sample-paths are nowhere differentiable
(see [10]). Furthermore, the form of the covariance kernel entails that W
has stationary increments and that the process is self-similar in the sense
that

(WH te0,1]} £ {a"WH, t > 0}.

02

Note that increments are independent only when H = 1/2, for H > 1/2,
increments are positively correlated and for H < 1/2 they are negatively
correlated. This difference of behavior between the cases H < 1/2 and
H > 1/2 can also be seen in the regularity of sample-paths as show the next

figure and the next theorem.

Theorem 3.1. Let H € (0,1), the sample-paths of W are a.s. Hélder

continuous only of order less than H.
Proof. Since, for any a > 0, we have
Eg (W = WH|*] = Cut — |,

the Kolmogorov criterion implies that the sample-paths of W# are almost

surely Holder continuous of any order less than H.
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Figure 1: Typical sample-path for H = 0.2, H = 0.5, H = 0.8.

As a consequence of the results in [1], we have

WH
Py (lim sup Z VVe) =1

u—0+ ufly/loglogu—1 B

Hence it is impossible for WH to have sample-paths Hélder continuous of

an order greater than H. O

Let W = Cy([0,1],R) be the Banach space of continuous functions, null
at time 0, equipped with the sup-norm and W* be its topological dual.
For any H € (0,1), Py is the unique probability measure on W such that
the canonical process (Ws; s € [0,1]) is a centered Gaussian process with

covariance kernel Ry :
EH[WSWt] = RH(S,t).

The canonical filtration is given by .ZH = o{W,, s <t} V Ny and Ny is
the set of the Py—negligible events. Let .7 be the Cameron-Martin space
associated with (W, Py) : the unique Hilbert space (identified with its dual)
continuously and densely embedded in W such that, for any n in W*,

/ ei<n’w>W*7deH(w) = eXp(_”ﬁH?%gH/Q)a (7)
w

where 7 is the image of 7 under the injection W* C % . In order to be able

to describe %7, we need the following preliminary lemma :

Lemma 3.1. For any H € (0,1), Ry (s,t) can be written as

Ry (s,t) = /01 Ky (s,r)Kg(t,r)dr, (8)

in operator notations, Ry = Ky K73, where Ky is the Hilbert—-Schmidt op-
erator introduced in Theorem [2.1]. We hereafter identify an operator and

its kernel.
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Proof. For H > 1/2, it is easy to see that

Vi b 2H—2
= _ dud
Ru(s:t) 4H(2H—1)/O /0 = ul war

Moreover(see [2]),

Vi 2H—2
e —n" Y

— (TU)H71/2 /r/\u v1/2fH(,r _ U)H73/2(u _ ,U)H73/2 dv.
0

Hence for H > 1/2, (8) holds with

e /t w12 (= )32 du 10 4 (r).
T(H—-1/2) J, .

A change of variable in this equation transforms the integral term in

KH(t,T) =

! H-1/2
(t— T)H_l/QT’H_l/Z/ uf1=3/2 (1 —(1- t/r)u) / du.
0

By the definition (2) of hypergeometric functions, we see that (6) holds true
for H > 1/2. Using property (4), we have

2_2H\/7_T
K — H-1/2
1T = S s

. 1
2

_r 4 \H-12 _ _ r
F AR - 2 =20 ),

If H < 1/2 then the hypergeometric function of the latter equation is con-
tinuous with respect to r on [0,¢] because 2 —2H —1—-1/2+ H =1/2— H
is positive. Hence, for H < 1/2, Ky (t,r)(t — r)/2=Hy1/2=H i5 continuous
with respect to r on [0,¢]. For H > 1/2, the hypergeometric function is no

more continuous in ¢ but we have [11] :
F(1/2 — H,1,2 — 2H, %) = CyF(1/2— H,1,H +1/2,1 —1/t)
+ Co(L = r/t) 2 H ()21

Hence, for H > 1/2, Ky (t,r)r'=1/2 is continuous with respect to 7 on [0, t].
Fix 6 € [0,1/2) and ¢ € (0,1], we have :

[Kp ()| < Or W12 — ) =02 010 0 ()
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where C' is uniform with respect to H € [1/2 — 0,1/2 + 6]. Thus, the two
functions defined on {H € C, |H —1/2| < 1/2} by

1
H e (0,1) — Rp(s,t) and H € (0,1) r—>/ Ky (s,r)Kg(t,r) dr
0

are well defined, analytic with respect to H and coincide on [1/2,1), thus
they are equal for any H € (0,1) and any s and ¢ in [0, 1]. O

In the previous proof we proved a result which is so useful in its own

that it deserves to be a theorem :

Theorem 3.2. For any H € (0,1), there exist a constant cg such that for

any t and r, we have :
[Kp (8, )] < epr™ VR —r) 020410 0 (), 9)
where x4 = max(x,0).
Theorem 3.3. 1. 3 = {Kyh; h € L*([0,1],dt)}, i.e., any h € Hy
can be represented as

ht) = Kh(t) /O Kyt $)ih(s) ds,

where h belongs to L?([0,1]). For any i —valued random variable u,
we hereafter denote by 0 the L%(]0,1]; R)-valued random variable such
that

t
u(w,t) :/ Ky (t,s)u(w, s)ds.
0
2. The scalar product on 1 is given by
s . def ,: .
(hs @)ty = (Kuh, Kug) sy = (hy 3)r2(j0,1))-

3. The injection Ry from W™ into ¢ can be decomposed as Rpn =
Ky (K3m). Furthermore, the restriction of Kj; to W* is the injection
from W* into L?([0,1]) :

W*@ > K} >> L*([0,1;R)Q > Ky >> #3Q > iy >> W.

Remark 3.1. Note that as a vector space, 7 is equal to I(iH/Q (L2([0,1]))

but the norm on each of these spaces are different since the norm of an

element & in the latter space is the L? norm of I(;+H71/2(h)



Stochastic Analysis of the fBm 9

Proof. From Theorem [2.1], we know that Ky is a bijection from L?([0,1])
onto IH+1/2(L2([0 1])) € W. For any o > —1/2, (Kga®)(t) = cq gt H+1/2
hence .74 contains all the polynomials null at 0 so that %% is dense in W
from Stone—Weierstrass theorem.

Let i denote the inclusion from J#7 into W, i}; the inclusion from W*
into %", jg the canonical identification isomorphism between 7" and
Hy and Ry = jpg o iy, ie., Ry is the embedding of W* into 3. For

n € W*, we have on one hand

(Run.), [ Fao)ics) as

and on the other hand,

(Rutn.) =< min(t) e = [ [ Kt s)h6) ds niar

. |
- /0 () ()h(s) ds,

where K7 is the adjoint of K for the L*([0,1]) scalar-product. It follows
that Ry (n) = Kjn and then that Ry = Ky o Kj; .
It remains to prove (7); for we compute the .7 norm of Ry (n) :

[ e switpaw) =B | [ 1 / W, lasyan)

/ / Ry (t, s)n(ds)n(dt)
/// Kp(t,r)Ku(s,r) dr n(ds)n(dt)

= HKHWHL2([0,1]) = HRH(U)H%H-

Hence 77 has the three properties defining the Cameron—Martin space of
the Wiener space (W, Py). O

Corollary 3.1. The fractional Brownian motion has the representation in

low : .
H:/ Ky (t, s)dwl/2.
0

Proof. The process <fg Kyt s)dWl/z, telo, 1]) is Gaussian with the con-

venient covariance kernel. O
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Remark 3.2. We will show in the sequel that this representation holds in
the trajectorial sense with a fixed, standard Brownian motion constructed
on (W, Py). The representation of the corollary is different from the one in

[10] since it requires only one standard Brownian motion instead of two.

The computer simulation of fBm paths is a classical problem of numerical
analysis, the difficulty being due to the non—trivial correlation between the

increments. The following proposition gives an approximation scheme :

Proposition 3.1. Let ©™ be an increasing sequence of partitions of [0,1]
such that the mesh || of ©™ tends to 0 as n goes to infinity. The sequence
of processes {W™, n > 0} defined by
" 1 K 1/2
Wh=> — Ku(t,s)ds (W;

n  _ 4n n
viean L1 — 6 Jap 'H
K3

1/2
- W,l%)

converges to WH in LQ(Pl/Q ® ds).

Proof. Let G, be the o-field generated by {thn/ 2, t € m"}. For t fixed, the

sequence
t
de
wr Y B, [ / Kp(t, s)dwl/? | gn}
0

is a square integrable martingale with respect to the filtration (G,,). More-

over, using the Jensen inequality,

1 1
supE /o [/ (W)? dt] §/ Ry(t,t) dt < +o0.
n 0 0

Hence the sequence (W"), is an L?([0,1])-valued (G,) square integrable
martingale so that it converges Py almost everywhere and in L2(W; L2([0, 1])),

ie.,

n—-+o0o

1
lim E1/2 |:/ (th — Wt)2 dt:| =0.
0

Furthermore, a simple calculation (using the Gaussian character and inde-

1/2 1/2

pendence of the random variables I/V,L+1 — W,!”) shows that

t
E1/2 |:/ KH(t, S)dWSl/zlgn]
0

1 b 1/2 1/2
= Y o= | Ku(t.s)ds (W2 = w,l%)
tlneﬂ-n i+1 7 t?

which proves the result. O
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4 Preliminaries and the Malliavin Calculus

For details on the construction of Malliavin calculus on Wiener spaces, we

refer to [15, 17]. As for all Gaussian spaces, we have (see [4])

Theorem 4.1 (Cameron-Martin Theorem). For any Ryn € i,

En (F(w+ Rum)] = [ F(w)exp(tnw) = |Runll, /2) dPu(w)  (10)

Definition 4.1. Let X be a separable Hilbert space and F' : W — X an

X-valued functional of the form

k
F(w) =Y fi((l,w), ..., (In,w)) ; (11)
=1

where for each ¢ € {1,...,n}, [; is in W* and z; belongs to X. F' is said
to be a smooth cylindric functional (respectively a polynomial) when f; is
an element of the Schwartz space S(R™) (respectively of the set of real
polynomials with n variables). We will denote by S(X) (respectively P(X))
the set of X-valued smooth cylindric functionals and simply S (respectively
P) when X = R.

Consider C{T = R and for n > 0, define CT as the closed vector space
spanned in L?(Py) by the elements of P of degree less than n. Set Céq = C'é{
and suppose C{T, ..., CH are defined, then, we define C,IL{H as the orthogonal
complement of Cff & --- @ CHl in CH ,. As for all Gaussian spaces, we have

the chaos decomposition :

Theorem 4.2.

L’(Py) =pcr.

n>0
This means that every Py-square integrable functional from W to R can

be written in a unique way as
+o0
F=> JIF (12)
n=0

where JH is the orthogonal projection of L?(Py) onto CX.

Definition 4.2 (Ornstein-Uhlenbeck semi-group).
For S5 F: W — R in Up>1 LP(Py) and t > 0, we define (T F)(w) by
the Mehler formula :

THF(w) = /F(etw + V1 —e2ty) dPy(y).
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It turns out that for F € S, (t = T/'F) is differentiable in LP with
respect to t, so that we can define the Ornstein-Uhlenbeck operator Ly :

Definition 4.3 (Ornstein-Uhlenbeck operator). Lp is defined on S by

d
EHF(w) = —TtF(w) .
dt t=0
The operator Ly can then be extended on LP(Py) as the infinitesimal
generator of a contraction semi-group on LP(Py); let Dom,(Ly) be the do-

main of the extension of Ly in LP(Py).

Definition 4.4 (Sobolev spaces). Let p > 1, ¢ such that p~'4¢~! =1 and
ke Z. ka(X) is the completion of S(X) with respect to the norm

def
1Fllp ks = (T = L) F s,

where

+o0
(I-Lo)"PF=>"(1+n)*2J0F

n=0

It is well known that ng(X) is the dual of Dgfk with the duality pairing
(F,G) = By [((I - £)2F, (1 - £)72G)|
and that for any k&’ < k,
D (X) c DI (X) e Dy = LP(W; X) € DY (X)) € D _(X).

We also introduce the spaces ng,a(%H) which are for any p > 1 and
any k € N the subspaces of ng(%H) composed by the adapted pro-
cesses. For any k € —N, ng,a(c%ﬂH) is the dual of Dg—k,a(%ff)' The
notation DX (X) (respectively DX ,(#4)) will stand for ﬂnkZOID)gk(X) (re-
spectively ﬂp,kzoﬂ)ﬁm(%ﬂm) and DP__(X) = Up,,kzngk(X), respectively
DI o (Hr) = Up g0l (Hr).

Definition 4.5. For F' in S(X), the H-Gross-Sobolev derivative of F', de-
noted by VF and is the 77 ® X—valued mapping defined by

vEw) =3 2L (@ w),. . (lw)) Rl © 2 (13)

ox;
i=1 v
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Remark 4.1. Take l; = ¢, the Dirac measure at time ¢; and let

F(w) - f(<€t17w>7"' > <€tn7w>)
=f(Wey,y.o., W),

then we have by (13),

ie.,

" of

VE(w)(s) = 8—%(th, ey Wy )R (L, 8).
i=1
Starting with X = R, we define the derivative of a real valued smooth

functional F, then, taking X = #5%" !, we can define, inductively, the
n-th derivative of F by VW F = V(V™~1DF). The directional derivative of
F € §(X) in the direction Ryn € 4 is given by :

d
(VF,Run)m; = EF(W + t.Rpm) (14)
=0

and from the Cameron—Martin theorem, we see that VF depends only on

the equivalence classes with respect to Py and

En [(VF,Ran) ;) = By [F(w,n)]

which implies the closability of V and its iterates. We can also define Sobolev
spaces using the operator V and its iterates as in the finite dimensional case,
this definition is equivalent to Definition [4.4]; this is due to the following
inequalities of P.A. Meyer : for p > 1 and k € Z, there exist a,; g and
Ap . m such that, for every F' € S,

ap ke IV s ey < I1F Ik
< At (I1F o) + VO Flasll e ) (15)

where |V*) F| ;g stands for the Hilbert-Schmidt norm of V¥ F : if {n,, n €
N1 is an orthonormal basis of ;%% ® X,

e}

VO R = (VOEm)

Rk X.
n=0 H™'®

As a consequence, V can be extended as a continuous linear operator from
ng(X) to ngfl(%ﬂH ® X) for any p > 1 and k € Z.
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Definition 4.6 (Divergence or Skohorod integral). Let d; be the formal
adjoint of V with respect to Py : VF € §,Vu € S(#%),

Ey [F 6,u] = Eg [(VF, u)%] . (16)

Since V has continuous extensions, 05 has a continuous linear extension

from ng(%H) to ]D)}I){k_1 for any p > 1 and any k € N.

Remark 4.2. For F' € S(W*) of the form (11) with k£ = 1, the divergence
of I is defined by

(0uF)(w) = f({l1,w),..., (I, w){z, w)w-w

_ Z af’ (I, w), ..., (b, w)) < Ry (L), Ru(x) >, -

Take z = ¢, f =1, we get
W, = 6y <RH(et)) =y (KH(KH(t, .))).

Moreover, for n € W*, we have 6, (Rpn) = (n,w)w+ w almost surely. Fur-

thermore, we have
Ey [F 0gu] =Eg [(VF, u)m,]
for any Dgl;{k—i—l’ u € Dg_k(%H) forany p>1,p'4+¢gt=1and ke€Z

We recall several identities valid in any Wiener space. Let F), Fy,..., F},
be in Dy, G1,G2 in Do (H#7), f in the Schwartz space of R™ and T €
D*OO(%H)’

VIEF, .. Fy) =Y 0f(F,...,F,) VE,

=1
54(VF) = —LyF,
54(FT) = F6,T — V1F, (17)
]

=Egy [(Gl, Gg)%ﬂH] +Ey [trace(VGg o VGl)] , (18)

Ve, (5H01 = (G1,Ga) sy + 61(V,G1) + trace(VGa o VGY).
(19)

Proposition 4.1. For u € 7, let A} =l exp(dpu — 1/2HuH§fH), we have

1
TN} = o,



Stochastic Analysis of the fBm 15

More generally, for F' € UkeZID)gk,
1
Hp _ (n) (n)
J F = n!6H (EH [V FD

Proof. By the definition (14) of V, we have for any polynomial G on W, A,

n

+o0o
Ey [G(w+ u)] =) — B [(V(”)G, u®"> %@n}
n=0 ‘

100 \p
D [G.(sg"’u@"] .
o
On the other hand, by the Cameron—Martin Theorem 4.1,
400 )\2
Ex [G(w + )] = ;EH [GJ,? (exp(Apu - 7||u\|3fH))} .

Using the generating functions of Hermite polynomials (see e.g. [11]), we

see that
400

A dpu [[ul|%,
—Z w3, ) = E H S \n
exp()\5Hu 9 Hqu?”H) e n<\/§||u‘|fH) \/Enn' A )

where H,, is the n-th Hermite polynomial. Since Hn(\/il(ls%) belongs to
Ca, ’
“+oo
Ey [G(w+ )] =) By [G.JI(F)] \F.
k=0

The result follows by identification of the two power series.

This result can also be written
1

Since the linear combinations of Wick exponentials (i.e., exponentials of
the form exp(dyh — %HhHQ}fH)) are dense in DX and JI is a continuous
operator, the result follows by density for any F € mkeNng- Now by
duality the formula also holds for F' in the dual of the latter space, i.e., for
F e ukeZng. O

4.1 Relations between §,, and other stochastic integrals

As for any Gaussian process, the Wiener integral with respect to the frac-
tional Brownian motion is usually defined as the linear extension from .77

in L?(Py) of the isometric map :

dy @ Rpu(ti,.) — Wy,
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Since Ky (L*([0,1])) = 4, one could also define a Wiener integral for
deterministic integrand belonging to L2(]0,1]) by considering the linear ex-
tension from L2([0,1]) to L?(Py) of the isometry :

6w : KH(ti,.) — Wti- (20)

When H = 1/2, Ky 5(t,.) = 194 so that we have :

P

O (h) = nll)rfoo ; hig—n(Wiig1)2-» — Wig—n), (21)
for any continuous h. From (20), it is clear that (21) does not hold any
more when H # 1/2. Thus there exist at least two different approaches to
define a stochastic integral with respect to the fractional Brownian motion :
one approach consists of using the Skohorod integral which is defined for
any Gaussian process, the second approach uses Riemann sums similar to
the right-hand-side of (21)— see [3, 6, 9]. The resulting integrals will have
more or less similar properties to stochastic integrals defined with respect
to semi—martingales, however none of them will be completely adequate to

construct a full stochastic calculus.

1. We define stochastic integral of first type as :
1 def
0

for any @ such that Kgu € DY__(6).

2. For H > 1/2, if we do not identify %} and its dual but L?([0,1]) and

its dual, we have the following diagram :

W* Q> >> Ayt Q>Kp>> L*[0,1) @>Kpy>>
U |

Q> iy >>

1

W* Q> >> A" Q> Ky, >> L2([0,1]) @ > Ky >> Ay Q>ijp>> |

Thus it is meaningful to define a stochastic integral of second type by :
1, 1
/ Us dWs = / (Kyu)(s) dgWs = 6y (KgKiu),
0 0

where K = K;/12KH, for 7 such that KyKiu € DE_(#4).
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Proposition 4.2. When H > 1/2, the stochastic integral of second type
coincides with the stochastic integral defined by Riemann sums. We have

the following identity provided that v is deterministic and both sides exist :

1,
/ s dWe = lim " duyn (Win, | — Win). (22)
0

Tn|—0
|7n] ey

When 1 € Dgl (L%([0,1])) and trace(VKpK3u) is well defined, we have :

|7n|—0

1
/ 1w, dWs = lim Ugp (Ww+1 - Win) — trace(VK g Kii). (23)
0

t ey

Proof. Note that K ,eq = 1oy and Kpe, = Ku(t,.), thus K5 (1) =
Kpg(t,.). If 4 is of the form

U(S) = Zuil(ti,ti+1](8)?
=1
with i; € DY}, we have by (17),
S (Karkiyi) = 32 6 (1K ar (K (ti11,) — K (t,.) )

=1

— Z’ll@'(sH(KH(KH(tiJrla ) — KH(ti, )))
i=1

1
—/ Vst (K (tiv1,8) — Ku(ti, s)) ds
0
= Z (W, — Wy,) — trace(VKg o Kiy).
i—1

Since Vu = 0 when u is deterministic, the two results follow by a limiting

procedure when both sides of the last relation converge. O

In view of (23), it seems sensible to define a Stratonovitch integral by :
1 1 6
/ U dWy = / s dWs + trace(VK g Ku),
0 0

for any u such that the right—-hand-side of the last equation is meaningful.

Note that as it is shown in (23),

1 ~
/ ’l:LSdWS = lim Q:Lt:l(Wt?+1 — Wt:L)
0
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We will see below in the It6 formula that the Stratonovitch integral for
H # 1/2 does not behave as nicely as it does when H = 1/2.

[e]
One can still have an integration by parts with dW if we use a damped

Sobolev derivative,

Proposition 4.3. When H > 1/2, set

Dy o Ky </CH(V¢)>
We have : .
Eg [/ Us dWs.l/J} =Eg [(KHﬁ, Dz/;)%H} , (24)
0
and
—of s ORp (ti,r)
Df(tha ey th)(S) = Zzl a—gﬂi(th, . ,th)/o KH(S,T)T dr.

Note that trace(VKyKj i) = trace(DKpgw), when both of the traces exist.

Proof. For any convenient u and 1,
1 5 ropl
Egy [/ Ug dWs.w] =Egy / (K3)(s) 5HWS.¢}
0 LJO
ropl
~En| [ (Kyis)V.w ds}
LSO

=B | [ i (@.0)0) 5

—Ey :(KHu,qu)%H] .

The proof of the second part of the proposition is simply the application of
the definitions of D and V. O

Definition 4.7. For any H € (0,1), we define the family {x}?, t € [0,1]}
of orthogonal projections in 7 by

il (Kpu) 2 Ky (ulpy), we L3((0,1]).

The second quantization I'(r{?) of 7/ is an operator from L?(Py) into itself

defined by,
n de n n
F =30 fu — D) (1) <30 60 (wf)o ).

n>0 n>0

From [4.1], we have, for u € 7,

u 1 def
D(nf") (AY) = exp(@u(rfu) = Slimfuly,) < Af.
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The bijectivity of the operator Ky has the following consequence :
Theorem 4.3. .F}1 = o{6,(rfu), u € Hg} Vv Ng.

Proof. The definition of .Z says that it is equal to the completion of the
o-field generated by random variables of the form dy (K 1 (Km(s, ))) with
s < t. This amounts to say that

FH = o{6y(Kyu), u € span{Ky(s,.), s <t}} V Ny.

Observe now that we can replace span{Kpg(s,.), s < t} by its closure in
L?(]0,t]) without changing .Z/. Actually, if u is the limit in L2([0,1]) of a
sequence (uy), of elements of span{Kp(s,.), s <t} then Kgu, converges
to Kyu in J# and thus 64 (Kpuy,) tends to 0y (Kgu) in L?(Py). Hence
8 (K pu) belongs to Zf and the two o-fields are thus equal. Now it turns
out that span{Kpy(s,.), s < t} is total in L2([0,t]) : if g belongs to the

orthogonal complement of this space in L2([0,1]) :
0= (g9, Ku(s,.))r2(o4) = Kug(s) for all s <t,

so that g = 0 in L2([0,]). The proof is finished by observing that the image
L?(]0,t]) by Ky is nothing but the space 7{ (#%). O

Theorem 4.4. For any F in L*(Py),
D(n)F = Eg [F| 7],
in particular,

t
En [WH?TH] :/ Ky (t,s)19,(s) 65 Ws, and
0
Ep [exp(uu —1/2|lull54,) | 7] = exp(@um{Tu —1/2||xul%,),
for any u € .

Proof. Let {hn, n > 1} be a denumerable family of elements of % and
let V;, = 0{dphk, 1 < k < n}. Denote by m, the orthogonal projection on
span{hy,..., h,}. For any f bounded, for any u € J#3, by the Cameron—
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Martin theorem we have

En [ATf(0uh; .-, 0nhn)]
En [f(0uhi(w+u), ... dhn(w + u))]
Eu [f(0uh1 + (hi,w) s, 0uhn + (hn,w) sz, )]
Ey [f(0ghi(w+ mpu), ..., 0ghy(w + mu)))
=Eg [AT""f(0uh1,...,0uhn)],

ahi,. .,

hence

Ep [A}|V,] = AT (25)
Choose h,, of the form 7 (e,,) where {e,,, n > 1} is an orthonormal basis of
My, i.e., {hn, n > 1} is an orthonormal basis of 7/7(#). By the previous

theorem, \/,, V;, = Z and it is clear that m, tends pointwise to /7, hence

from (25) and martingale convergence theorem, we can conclude that
By [AY| 7] = AT =AY,

Moreover, for u € 5y,
H

D(m)(AY) = AT,
hence by density of linear combinations of Wick exponentials, for any F €
L2 (PH)’
T(r{\F =Ey [F| 7],

and the proof is completed. ]
Theorem 4.5 (cf [16]). Let F' be ID)2 1 F belongs to FH iff VF = nHVF.

Proof. Let F be a Z-measurable element of Dgl, {ul,, n > 0} be an or-
thonormal basis of L%([0,¢]) and V;! be the o field generated by {6, Kput, i <
n}. Since V,V! = ZH, the sequence F, = Ey [F| V] converges to F
in ]Dgl. Since T Kyul, = Kyul, for F, we have VF, = 7fIVF, and
VF = 7lIVF follows. In the converse direction, remark that it is suffi-
cient to prove that T,F is .Z/f-measurable for any s > 0, where (T}); is the
Ornstein—Uhlenbeck semi—group (see Definition [4.2]). It is easy to see that

VI,F = e *T,VF = e *T,m;VF = me *T,;VF = mVT,F.
Iterating this relation, we obtain

VT, F = (zf)env T, F.
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Moreover, from the Wiener chaos expansion, we have, for any v € 7,

E[T.F(w+u)] =Y —(ENVMTF,u®") . on

n:

NE

n=0

(=15 B[V T, u®™) o0 = BITF(w -+ 7).

I
NE
S|~

!

I
o

n

On the other hand, from the Cameron—Martin formula,
1
Egy [TSFexp((SHu — 5”“”3&1)] =Ey [TsF(w + u)]
1
=Ey [TsF(w+ mu)] = Eg [TSF ‘Ep [exp(éHu — 5”“‘@@) ! ﬁtHH

and this completes the proof since the linear combinations of Wick expo-

nentials are dense in all the spaces IDJP{{ - O

Proposition 4.4. A process u(w,t) is {F}, t € [0,1]}-adapted iff its den-

sity process 1, i.e.,
t
u(w, t) :/ Kg(t,s)u(w,s) ds
0

is {FH, t € ]0,1]}-adapted.

Proof. 1t is obvious that adaptedness of @ adapted entails that u is adapted.
In the converse direction, note that u(w,t) = (Kz'u(w,.))(t) and from
Theorem [2.1] we see that all the quadratures involved in the computation
of (K ;' u)(t) have their support in [0,¢]. Hence, u adapted entails i adapted.

O

Theorem 4.6 (It6-Clark representation formula). For any F' € Dgl,
1
F—Ey[F) = / Ep [K;' (VF)(s)| F1] 6,W,
0
— 05 (Kn (B [K (VF)()LZ])).

Proof. From the chaos expansion (4.1), we know that for any u € 3,

1
AV =1 +/ s A 8, W
0
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Moreover, linear combinations of Wick exponentials are dense in L?(Py)

hence it is sufficient to prove that for any u € % any centered F,
1
Ey [FAY] = Ey [ / Ey [K; (VF)(s)| FH] 6. Wy.0u (KH(u.A?‘)ﬂ :
0

Integrating by parts and since {A¥, s € [0,1]} is an adapted process, we

have :

Ey [/01 Ey [K (VF)(s)| FH] 6,W;.04 (KH(u.A?L))]

1
= Ey /0 Ey [K; (VE)(s) | Z8] uAY ds]

—E /1E K;Y(VF A .ZH g
H ) H[ H( )(s)usAY | F 5]

1
—Ey / K (VF)(s)us A ds} ~—Ey [F.(SH (KH(U,A_“))}
LJo
=Eu [F(A} —1)] = Ep [FAY],
as it was required. O

Theorem 4.7. For any u adapted and in L*>(W; #y), the process {M; =

Su(mHu), t €[0,1]} is a square integrable martingale,i.e.,
t
Eg [5Hu]ﬁtH] = 0y (nllu) = /0 Kg'u(s) 05 Ws,

whose Doob—Meyer process ist — fg u? ds. In particular, forv € L*(W; L*([0,1]))
adapted,
t
t—> / v(s) 6y Wy is a martingale.

0
Proof. Let u be adapted and belong to D (74 ), for any v € 2, since 7/
is a projector,

Ey [Ey [6pu| F) A} = Ey [Syu.A}]
=Eg [(u, VA;’)%H] =Eg [(u,w{{v)%H Af}
=Ey [(W{Iu,w{{v)%H Af] =Epg [5H(7rtHu)Af] .

Moreover, for any v € 3 such that v = (Id 4, —7i)v, we have

(V(SHﬂ'qu, v)%;H = (ﬂ'flu, (Id s, —wfl)v)%,H
+ 85 (Vrr{Tu, (I, —{")0) L, ) = 0,
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since by Theorem [4.5], Vafu = nf/Vr u and 7} is an orthogonal projec-

tion. By density, we see that
for any w in DX ().
For any ¢ € [0,1] and any ¢ € D,
Ex | (du(mf 0)? — ImfTul%, ) o]
= By | (nf'0, V(6u(nf'u0))) ,, | = B [ ull%, ¢
=By (7w, V6) . | + Bar |05 (Vo miu) o)
_ 2 H H H H
=Ey [(V( )¢,7Tt u® u)ij®ifH] +Egy [(V (7Tt u, ng)%;H , T u)fH] .
Let 0 < s <t<1and ¢ bean ﬁsH —measurable element of ]Dfo. Theorem
[4.5] implies that (V,v) 4, = (V(]ﬁ,wfv)%pH for any v. Hence,
By | (8(rfu)? = |Inf ull%, ) o]
_ @), _H H H H
By [(v ¢, milu @ ! “)f,,MJ*EH [(V (814, 9) , o7 )%H]
= B | (du(rlfu)? = |7 ull%, )6
thus {0, (7Hu)? — |7 ul? -.» t €[0,1]} is a martingale. O

As a corollary we have a constructive proof of the Levy—Hida represen-

tation theorem :

Theorem 4.8 (Levy-Hida representation).

1. The process
B=1{B" s,(xH K1), t [0,1]}

is a Py —standard Brownian motion whose filtration is equal to {FH, t €
[0,1]}.

2. If we denote by dB the Ito integral with respect to this Brownian mo-

tion, we have for any adapted u, Py—almost surely,

t t
/ ug Oy Wy = / us dBg, for allt.
0 0



Stochastic Analysis of the fBm 24

Proof. B is a Gaussian process whose covariance kernel is given (see Corol-
lary [4.7]) by

1
Ey [BsBy] = (ns K1, mKyl) 4, :/0 Lo, (u)Ljo, 5 (u) du = min(s, t).

The equality of the filtrations follows simply from Proposition [4.3].
Let u be of the form

u(w, s) = Z Wil(t; b4 (s),
i=1

where for any i, u; is square—-integrable and ﬁt{,{ —measurable. If for any ¢,

u; belongs to Dgl we have by (17)

1 n 1
/ U Oy Wy = Zui(Bti+1 — By,) — / Vil 4,0 (r) dr.
0 | 0
Since u; is ﬁtff —measurable, the last integrand is zero by Theorem [4.5]. By

a limiting procedure,

1 n
/ Usg 5HWS = Zui(Bt¢+1 - Bti)?
0 i=1

even when wu; is only square integrable and in ﬁt{,{

[4.7], 1 1
Ey [(/0 uséHWs)z} =Ey [/O uzds]

On the other hand, the It6 stochastic integral of u with respect to B is by

. Moreover, by Theorem

definition given by :
n
Zui(Bti+1 - Bti)'
i=1

By continuity of §; and dB, it follows that the stochastic integrations with
respect to dz W or to dB coincide on the set of adapted processes which
belong to L2(W; #3). O

The classical martingales characterization says that :

Corollary 4.1. Every (P;,{FH, t € [0,1]}) square integrable martingale
M can be written as
MO + 5H (ﬂ-tI{u)a
where
uw =Eg [VM; | F/].
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Theorem 4.9 (Girsanov theorem). Let u = Kyt be an adapted process in
L*(W; #y) such that
Ey [Af] =1, (26)

and let P, be the probability defined by

dP,
dPy

1
=A} = exp(émrfu — 5\\77{{11\\29@)

The law of the process
t
{Wy —/ Kp(t,s)ds, t € [0,1]} under P,
0

is the same as the law of the canonical process W under Py. In other words,
for any v = Kyt adapted and in L?>(W; #y), the law of the process

t t
{/ Kp(t,s)vs 05 Wy —/ Ky (t, s)usvsds, t €[0,1]} under P,
0 0
s the same as the law of the process

¢
{/ Kg(t,s)0s6yuWs, t €[0,1]} under Py.
0

Proof. Fix (ti1,...,t,) in [0,1]"™ and consider the n—dimensional martingale
ti A\ n
Z" 0 r— < KH(ti,s)i)s(SHWs)_ )
i=

0
The classical Girsanov theorem stands that the P,—law of the process

ti A\r ti A\

T = < KH(ti,S)i)s 5HW3 — KH(ti,S)ﬁS@S ds)n L
0 0 =

is the same as the Py—law of {Z, r € [0,1]}. Hence for any bounded mea-
surable f from R™ to R,

ti\r ti\r
Ep, [f( < K (ti,s)vs g W, — Ky (t;, s)usvs ds, .. )]
0 0
ti AT
=Epg |:f(, KH(ti,S)i)S5HWS,...):| ,
0

for any r € [0, 1]. The result follows by taking » = 1 in the last equation. O
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Since we have reduced the Girsanov problem of fBm to that of the or-
dinary Brownian motion, we can make the full use of the usual Novikov
condition to ensure the uniform integrability of A%. Namely, it is sufficient
that

1
Eg [expiHuHifH} < 400

for (26) to hold.
Application : Consider the process X defined by

X, =0t+WwWH

and let Px denote its law. We aim to estimate 6 through the observation
of a sample-path of X over [0,t]. Let ¢ be such that (Kg¢)(t) = t, by the

Cameron-Martin Theorem and since for deterministic u, (dpu)(w+ Kg¢) =

(Onu)(w) + (u, Ku )

dP 62
| ) = Bu [epl00u(uo)w) - )] 7
H |gH
92
= exp (O3, (nf! Kré) () — & {1 6]%). or
dP, 6> :
BB () = exp(—00u(nf Kig) ) + & f10]20), 1

2
B [P ()] = Bir | F(X(0) exp(=08u(rf! Ku) () + 5 [ 6122)]

Hence the P; maximum likelihood ratio estimate ét of 0 is
A 1

O = —7———
Im 613,
From Theorem [2.1], we have

def T'(3/2—H) /9
°6) = Te—2m) St

3n (m{' K 6)(X (w)).

Hence,
» 222H7(2 - H)

t— ﬁ 12—2H
5 The Ito Formula

8y (7l K s~ (X (w)).

Hereafter we assume that H is greater than 1/2. In this case, the fractional
Brownian motion has a zero quadratic variation hence it is a Dirichlet pro-

cess. It is well known that for such processes there exists an It6 formula (see
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[7]) of the form :
F(W;) = F(Wy) + /t F'(Wy) dWs, (27)
0

where the stochastic integral dWj is defined as the limit of Riemann sums as
in formula (22)and F is of class C2. In fact, we improve, in our situation, the
results known for Dirichlet processes in the sense that a somewhat explicit
expression of the right—hand-side of (27) is given. The processes of the
form (28) have been chosen because they constitute a class which is stable
with respect to absolutely continuous changes of probability measures — see
Theorem [4.9].

Let p(s) = s'72 and denote by %, , the image of L2([0,1]) = {h :
[0,1] — R, fol h2(s)p(s)ds < +oo} under Ky. Note that when H > 1/2,
L2([0,1]) € L*([0,1]) because p(s) > 1 for any s € [0,1]. The space 7, is
endowed with the norm induced by L?)([O, 1)), i.e.,

el i, = 11Kl 3

The weighted Sobolev space D4 p 1S the set of elements F' of th such that
for any n < k, the n-th Gross-Sobolev derivative of F' belongs to %H(?:L and
the norm of F' in this space is defined by

k
IF Bk = VF ey + 3 B [IVOFI 0|

i=1
Before the proof, we give two lemmas for later use.
Lemma 5.1. Let u(w,s) be such that Eg {fol lu(w, s)| ds] < 400 then t —
Epy [I5:u(t)] is continuous.

0

Proof. Since [ is a positive linear operator,
[Ex [Igru(t +¢) — Igvu(®)] | < gy En [lul)(t 4+ €) — (g Em [|ul])(2)-

Hence by the remark following Proposition [2.1], the right—hand—side of the

last inequality converges to 0 as € tends to 0. U

Lemma 5.2. Let (Y:): be a process which converges to 0 in L*(Py) when ¢
tends to 0. Let h(w,u) be in L?(L?([0,1])). Then

t+e
lim Ey [alYg/ h(u) du] =0dt a.s..
t

e—0
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Proof. Using the Cauchy—Schwarz inequality,

t4e 2
Ey [5‘11@/ h(u) du} <
t

281 [v2) (B [ ([ ) = h(t) 22)7] + 281 [b067]}

t+e
<2Ey [Y7] {g—l/t Eg [(h(u) — h(t))?] du+2Ey [h(t)?] } .

The second term of the previous sum is finite for almost every ¢ and the first
converges to 0 as € tends to 0, hence all of the right-hand—side converges to

0 for almost every t. O

Theorem 5.1. Suppose H > 1/2, let F' : R —— R be twice differentiable

with bounded derivatives and X be a process of the form
Xy(w) = Xo(w) + (Ku€(w)(t) + 8y (Kn (0w, )Ku (t,.)) ) (w)  (28)
t t
= Xo(w) —i—/ Kp(t,s)é(w, s)ds —|—/ Ky(t,s)o(w,s)ogWs,
0 0

where X belongs to D£1,p7 €isin ID)%{LP(L%([O, 1])) and o is in ]D)gzp(L%([O, 1])).
We have

F(X,) — F(Xo) = /Ot e (F’(Xu)uH—l/Z)(s)sl/Q—Hg(s) ds
+ /0 t s1/2H g (o)1 (uH_l/QF’(Xu))(s) SpW,

n /0 t e <F”(Xu)uH_1/2)(5)51/2_HJ(8)VSX0 ds

-/ (P K (9.6)@)) (9512 o (s) ds

+ /0 t e <F”(Xu)uH_1/2KH(u, 5)) (s)sY2H(s)? ds

t 1
—|—/OI£1/2 <F"(Xu)uH_1/2 ; VSO'(T)KH(U,T‘)(SHWT> (5)s'/2Ho(s) ds.

(29)
Proof. Let us give the main idea of the proof : as a first step we shall sup-
pose that Xy, &, o are smooth processes in the sense that they have bounded
Sobolev—Gross derivatives which are continuous with respect to all their pa-
rameters, i.e.,VyXo, Vu0o(s), Vu&(s) and Vy,0(s) are bounded and con-

tinuous with respect to w,u,v and s. Then we use the fundamental theorem
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of differential calculus which says that

B [P(X0)0] = B [F(Xo)u] + | B [F(X)0] ds.

where ¢ is in De. Afterwards, we rewrite the above identity using the
stochastic integration by parts formula (16) and Fubini’s theorem to obtain
the claimed expression.

1) In a first step, we assume that we have the following additional hypothe-
sis : F is C? with bounded derivatives, V,Xo, V,0(s), V4&(s) and V., ,0(s)
are bounded and continuous with respect to w,u,v and s. Let 1 be in D

with bounded Gross-Sobolev derivatives,
Epn [(F(Xt-i-E) - F(Xt))l/f} =Ey [F'(Xe)(Xepe — Xi)¥]
1
+EH |:(Xt+6 — Xt)2/ FI/(’LLXt + (1 — U)Xt+5)(1 — u) du’l/}:| = Al +A2

0

Let us first consider A; :

Ay =Ep [F'(X)p(Ku&(t+¢) — Kué&(t))]
+Ey [F/(Xt)w,{ (KH(J{KH(t Ve) - Knl(t, .)}))} = By + B,.
Since € is bounded, ¢ — (K€)(#) is differentiable for each w and
(K€Y () = 71212 (w2 ) ) ).
Hence, by the dominated convergence theorem,
lim =~ B; = Ey [F’(Xt)tH—l/ZIgi‘l/Q <u1/2_H§(u)) (t).w] . (30)

Because of the regularity of Xy, £ and o, it is clear that X; has a Gross-So-

bolev derivative for every ¢ and moreover (cf. (19)) :
. . t .
V. X: = VuXo +/ Ky (t,s)Vu&(s) ds
0
t
o(u) K (tu) + / Voo (8) K (£, 5)00Ws.
0
Hence, we can write

By —Ej [ /0 o) (K (bt o) — K, u))Vu(F’(Xt)zp)du}

—Ey [KH (a(.)v,(F’(Xt)¢)> (t+¢e)— Ky <a(.)V(F’(Xt)1/z)) (t)} .
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The additional hypothesis imply that ¢ — Kpg <0()V(F’(Xt)¢))(t) is
continuously differentiable and by the dominated convergence theorem, we

have :

lime 1By = By [tH 12t <u1/2*H a(u)Vu(F'(Xt)zp)> (t)] .

e—0

Consider now the second-order term. Since F” is bounded
Ay ~ By [(Xere — Xi)? 0] .
Furthermore, by the reasoning used to obtain(30),
En [(Kné(t+e) — Ku(t)’] = o(e?)
so that, it is sufficient to look at the term involving the stochastic integral :
2
Bir |00, (Ko (Kt + <.~ Ku(t. D) |
t
By [p//(xtw( | o) Kue+2v0) - Kult.0))au,
0
t+e 2
_/ o(u) Kt +2,u)ou W) } .
t
2
— Ey [F” (X,) q,z)(/ VK (t+e,u) — Kt ) 6HWu> }
t+6 2
+EH[F”Xt¢/ KHt+6u)6HW>}

2By [F”( )q,z)(/oi;( VK (t+e,u) — Kt u) SgW

t+e
Y / o (W) Kt (£ + 2, ) 6HWU)]
t
=Ci+Cy + 2C5.

By (18) and the Cauchy-Schwarz inequality, we can upperbound Cy by
t+e
O < 1P ol | [ (0P (Rt + 210 = K002
0

T IE el oo B [ /0 /0 V() a0 () (K (t + £, 0) — K (1)
(Kg(t+e,s)— Kpgl(t,s)) duds ]

t
< c/ (Ky(t+e,u) — Kg(t,u))? du = CVye?l
0
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By the same way, there exists a constant ¢ such that

t+e
|Cs| gc/ (Kg(t+e,u) — Kg(t,u)Kg(t+¢e,u) du
t

t+e

+c</0t(KH(t+€,u)—KH(t,u)) du)( Ku(t+e,u) du).

t

As to (5, we have

t+e
Col < B | [ ol Kt + 2,0
t
t+e ptte )
+cEn [/ Vso(u)Vyo(s)Ku(t+e,u)Ku(t+¢,s)du ds} ,
¢ Jt

with another constant c. When divided by ¢, the right—hand-side of the last
equation goes to 0 because Ky (t,t) = 0. We have proved so far that, under

the additional smoothness hypothesis, we have

& By [F(X0)0] = Br [F'(X»tH*”IH*” (e (w)) (0)0
H

e

+Ey tH V2EN(X ) ( V2t g (w)V Xo)( )w}

L Ey tH 2pn(x H 1/2 < 1/2-H /KH (t,7) V.l (r )dr)()w}
By [t I (K u))(t) Y]

+Egy tH—VZF”(XJIJTI/2 w2 o / Vuo(s ts)éHW)()w}

(31)

2) The second step is to prove that each of these terms is continuous with
respect to ¢t in order to be able to integrate them over a finite interval.
The first three terms are easily handled using Lemma [5.1]. We only give
here the complete proof for the last term of the previous sum because it is
the most difficult one, fourth and fifth terms are handled similarly : since
tH=1/2 (X, )4 is bounded, it is sufficient to prove that

t— Ey {1511/2 <u1/2*Ha(u) /O 1 Vo (s) Kt s)éHWs) (t)}
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is continuous. Let us define Y, = fol Vo (s) K (t, )8 W,. We have :
By [1oh 2 (w2 o (w)Yige ) (¢ +2) = ok (w2 o ()i ) ()] |
< |EH [I£71/2 (u1/27H0-(u)(Y;€+e,u - K&,u)) (t + 6)} |

B 12 (2 ()i ) (¢4 2) = 1 (02 o ()Y ) (8)] |

(32)
By (17),

1
En [(Yitenw — Yiu)?] <En UO (Vuo(s) (K (t+e,s) — Ky(t,s))? ds}

LBy [ [ 0¥ ot +2.5) - Kutt,9)

(Kg(t+e,v) — Kg(t,v)) ds dv]

1
<C [ (Kult+e.5) - Kn(t.9)Pds
0
< C(Ru(t+e,t+e)+ Ru(t,t) — 2Ry (t +&,t)) < Ce*1,

where C' is a constant independent of u. Hence,

B [ (a2 o () (Visew — Yew) ) 4€)]|
< Clgfl/Q(ul/2fH)(t + 6)‘6H71/2‘
As to the last term of (32), using [5.1], it can be made as small as desired
since

1 1
/ WM E g [0(u)Yia] du < Clo]ls / W Ry (1 u)? du < oo
0 0

Now, before we can relax the additional hypothesis, we apply the Fubini
Theorem (to exchange expectations and integrals) and the fractional inte-
gration by parts (5). For instance, for the second term of the right hand

side sum, we obtain

B, |:/Ot SH71/2F/(Xt)I(1]Y‘_IF71/2 (u1/27H0_(u)vu¢> (S) d8:|

-

— En [ / R (X)) (8)5 M2 o (5) ds}
0

= En [w /O t sV2H () IV WV E (X)) (s) 0 W } .
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The other terms are transformed similarly. If we denote by RHS the right
hand side of (29), we know that

Ex [(F(X:) = F(Xo) = RHS)¥] =0,

for any 1 in DX with bounded derivatives. Since both of F(X;) — F(Xo)
and RH S belong to L?(P;), we deduce by the density of DX in L?(P;) that
F(X,) — F(Xo) = RHS.

3) The third step is to prove that the additional hypothesis can be relaxed.
Actually, our aim is to show that given Xg, o", " and F, converging
respectively to Xy, o, £ and F in the respective normed spaces, the sequence
Fo(X) — F(XE) — RHS(F,, X™) converges in L}, to F(X;) — F(Xo) —
RHS(F,X). For this it is sufficient to show that Eg [RHS(F, X)] can be
bounded by a polynomial in ||F"[|sc, [|F”[loc, [[Xoll2,1,0,p, ||£H]]]>£{LP(L%([O,1]))

and HJHDEZP(L?J([OJD). For instance, for the last term (29), we have

-

< Epy [ / t(sl/Z—HJ(s))Q dsl/ﬂ

0

Ey UotIHl/Q (F"(Xu)uH—l/2 Olvsg(r)KH(u,r)(;HWT) (5)s1/2~Hor () ds]

<Ey {( /0 t IR E (X, /0 1 VSJ(T)KH(U,T)5HWT)(S))2 ds] v

< ClIF lcllollzz(zz)

x Eg Uot(/t/: Voo (r) K (u,r) SgW, (u— s)H-3/2 du)2 ds} "

By the Jensen inequality applied to the measure (u — S)H_B/Q]_[s’t} (u)du

(whose total mass is (H — 1/2)~(t — s)¥~1/2), we upperbound the last
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expectation by a constant times the following integral :

/Ot(t - S)H_l/Q/:EH [(/Ou Vo (r)Kg(u,r) 5HWT)1 (u— 8532 du ds
<Ey Uot(t _ s)H-1/2 /:/Ol(vsa(r)rl/Q_H)sz Ju ds]

+Eg Uot(t S /; /01/01 V.50 ()2 p(r)p(v) dr dv du ds]
<Epgy [/01 /01<VSJ(T)(ST)1/2_H>2dr ds]
+ B [ [[ [ FaaotPotrrotwlots)) ar o ds] < Clol

where we have successively used (18), the upperbound (9) of K, the fact
that p(s) > 1 for any s € [0, 1] and the Cauchy—Schwarz inequality. O

Remark 5.1. Note that when H = 1/2, the contribution of the second order
term Ao is 1/2. fg 0?(s) ds which is the term corresponding to the square
bracket in the classical It6 formula. Still when H = 1/2, I(ﬁ:l/ > =1d and
(29) differs from the It6 formula in [14] by only 1/2 f(f o2(s) ds. Moreover
when the processes o and ¢ and Xg are {Z/!, t € [0,1]}-adapted, all the
terms involving Gross-Sobolev derivatives vanish when H = 1/2 but not
when H > 1/2 because of the derivative of the kernel Ky (t,.).

Corollary 5.1. Let H > 1/2 and f: R — R be a twice differentiable func-
tion with bounded derivatives. Define u(t,x) = Eg [f(x + W})], we have :

2u(t x) = HVy 171 a—2u(25 x)
ot ) T ox2 V7
Proof. Applying (31) with ¢ = 1, we obtain :
duu(t,x) = By [F"(X,)] 721072021 Ky (8, u)) ().
Now, using Theorem [2.1], we see that for any f € L?([0,1]),
Iy PP ) ) = s (K ) s).

Hence,

Igﬂ/z <u1/2’HKH(t,u)) (t) = [1/2-H agl(t, 5) — HVytH-1/2

s s=t

which proves the result. O
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Before we state the [t6 formula for processes defined by the stochastic

integral of second kind, we need the following result :

Lemma 5.3. For any f € Lz([o, 1)), we have
/I(ICHf)(S)st < c/1 F(s)2sY/2H ds,
0 0
! 1
| uneras<e [ perstas
0 0

1 1
/ (KK f)(s)?ds < c/ f(s)2s'72H ds,
0 0
where Ky = Kl_/lzKH
Proof. From Theorem (2.1), we know that
* — H— _
Kif = 21/2 HI1— 1/2(£CH 1/2f).

Since I 11{71/ ’isa positive operator, using Cauchy—Schwarz inequality,

[ i as = [ s

0

1
< / S2H U2y )2 g

0

c/o1 s172H(1 — s)H-1/2 /l(u — )32 £ (w)? duds

1 u
< c/ f(u)2/ s172H (4 — )32 45 du,
0 0
1
<c / f(5)%s' > ds,
0

where ¢ denotes any constant. The other inequalities are shown similarly.

O

IN

Theorem 5.2. Assume that for any t € [0,1],

t t .
Xt:xo—i—/ §sd8—|—/ os dWs,
0 0

where & belongs to D£17P(L2([O, 1])) and o € Dglp(Lz([O, 1])). For any F
twice differentiable with bounded derivatives, we have for any t, Py—almost

surely :

t t o
F(Xt):F(X0)+/O F’(Xs)gsds+/0 F'(X,)os AW,

t
+ / F"(X)DsX,04ds, (33)
0



Stochastic Analysis of the fBm 36
with . .
DX, = / Dby ds + (KpKio)(t) + / Doy dWs,
0 0
and D¢ is defined as K (V.¢)(t) (see (24)).

Sketch of the proof. Formally, the proof follows the lines of the preceding
one. The third step consists also of upper—bounding the expectation of the
right-hand-side of (33) by a polynomial in || F”||oc, || F"]|c0, 1€llpa, (2([0,1))

and HO’HDgQ’p(Lg([O,I])). For instance,

t ° 2
Ey [|/0 F’(Xs)ades|] <Ep [|6aKuK§(F'(X)o)?]

1
< / K3 (F'(X )o)(s)? ds
0
+ trace <VKHK;,(F'(X,)0) ° VKH/cg(F'(X_)a)>
<N F %Ko 72 + IVEa K (F' (X )o)|l7rs-

Moreover,

Vo Ky (F'(X)o) () = Ky (F"(X.)oi, X.)(s)
+ K (F(X)Vr0())(s).

Hence by Lemma [5.3], we have

t ° 2
Bi || [ # o] < P Iloly, g0
2 2 2 2
+ C||FI/HooHUHLg (HO-HDgZp(Lg([O,l})) + HgHDg{Lp(LQ([Ole))’
where c is a constant. The other terms are treated similarly. O

Theorem 5.3. Assume that for any t € [0,1],

t t
Xt:xo—i—/ §5d8+/ os dWs,
0 0

where £ belongs to Dng(LQ([O, 1])) and o € ]Dgg,p(L?)([O, 1])).

1. The integral fol D, X, dt is finite, and
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2. For any F twice differentiable with bounded derivatives, we have for

any t, Py—almost surely :

F(Xy) :F(X0)+/Ot F'(X,)E, ds+/0t F'(X)os dW,

t ~
- / F'(X)Ds X0y AW,
0

Proof. By the computations we made in the previous proof, we have

1
/ (D¢ X;)% dt is finite.
0

The last part follows from the previous Itd6 formula. O
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