Chapter 2
Gradient and divergence

2.1 Gradient

If our objective is to define a differential calculus on the Banach space W,
why don’t we use the notion of Fréchet derivative: A function F' : W — R
is said to be Fréchet differentiable if there exists a continuous linear operator
A : W — W such that

lin(l)eil |F(w+ ew') — F(w) — Aw'||, =0 (2.1)
e—

for any w € W and any w' € W. In particular, a Fréchet differentiable
function is continuous. One of the most immediate function we can think of
is the so-called It6 map which sends a sample-path w to the corresponding
sample-path of the solution of a well defined stochastic differential equation.
It is well known (see [Lej09, Section 3.3] for instance) that in dimension
higher than one, this map is not continuous. This induces that the notion of
Fréchet derivative is not well suited to a differential calculus on the Wiener
space. Moreover, since we work on a probability space, measurable functions
F from W into R are random variables, meaning that they are defined up to
a negligible set. To avoid any inconsistency in a formula like (2.1), we must
ensure that

(F=Guas)= (F(.+w)=G(.+w') pas.)

for any w’. With the notations of Theorem 1.8, this requires that T, jf u (the
pushforward of the measure p by the translation map T,,) to be absolutely
continuous with respect to the Wiener measure p. This fact is granted only
if w’ belongs to I 2. These two reasons mean that we are to define the direc-
tional derivative of F' in a restricted class of possible perturbations.

Recall the diagram
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20 2 Gradient and divergence

W* e H* — (ILQ)*

|=

L2I—1>H:IL2—2>W

and that p is the Wiener measure on W.

Definition 2.1. A function F' is said to be cylindrical if there exists an inte-
ger n, f € Schwartz(R"), the Schwartz space on R", (hy,--- , h,) € H" such
that

F(w) = [, 6h).

The set of such functionals is denoted by S.
Theorem 2.1. The set S is dense in LP(W — R; p).

Proof. Let D,, be the dyadic subdivision of mesh 27™ of [0,1] and F,, =
o{B(t),t € D,}. Since B has continuous sample-paths, for any ¢ € [0,1],
there exists a sequence (¢,,n > 0) such that ¢, € D,, for any n and t,, — t.
Hence, Vv, F,, = F and the LP convergence theorem for martingales says that

E[F|]—'n]nj—:o>F.

For € > 0, let n such that ||[F' — E[F'|F,]||z» < €. The Doob Lemma entails
that there exists ¢,, measurable from R?" to R such that

E[F|F,] = ¥n(B(t),t € Dy)
where t} = k27" Let p,, be the distribution of the Gaussian vector (B(t),t €
Dn),
[ 10 dp = BIEIF| £ P) <E[FP] < .
That means that ¢,, belongs to LP(R™ — R; uy,) hence for any € > 0, there

exists ¢ € S(R?") such that ||, — ¢e||Lr (R —R; u) < € Then, @ (B(t),t €
D,,) belongs to § and is within distance 2¢ of F'in LP(WW — R; p).

The gradient is first defined on cylindrical functionals.

Definition 2.2. Let F' € S, h € H, with F(w) = f(dhy,--- ,dh,). Set

VE =Y 0;F(6hy, - ,0hy) hy,

j=1

so that

n

(VE,h)yy =3 0;F(Sh,-+ ,0hy) (hj, h)s, -

=1
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This definition is coherent with the natural definition of directional derivative.

Lemma 2.1.
(VE, by, = lim * (Pl + eh) — F(w)).
’ H e—0 €

Proof. Due to the fact that 6h;(w 4 h) = 6hi(w) + (h, hi)y, -

Ezample 2.1. For any h € H,

t 1
VhB(t):<h,t/\.>:/0 h(s) ds:/o L(o,41(5) (s) ds.

Remark that S is an algebra for the ordinary product.
Lemma 2.2. For F €S, ¢ € C®

d
ViF(w) = &F(w + €h)
e=0

V(FG)=FVG+GVF
Vo(F) = ¢/ (F) VF.

Before going futher, we give/recall some elements about tensor products
of Banach spaces. Let X and Y two Banach spaces, with respective dual X*
and Y*. Forz € X and y € Y, x ® y is the bilinear form defined by:

xRy X*xY*—R
(777 C) — <777 x>X*,X <C7 y>Y*7Y .

Definition 2.3 (See [Rya02, chapter 2]). The projective tensor product
of X and Y is the completion of the vector space spanned by the finite linear
combinations of some z ® y for x € X and y € Y, equipped with the norm

n n
2l xey = inf{Dxinxnyiny, =% ®y}
i=1 =1

We need to take the infimum of all the possible representations of z as a linear
combinations of elementary tensor products since such a representation is by
no means unique.

Ezample 2.2. One of the simplest situation we can imagine, is the tensor
product of L!'(R) by itself. The function

110,1)(8) ® Ljo,9)() + 11,2)(5) @ 1y 21(2)
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can be equally written as:

Ljo,11(s) ® 1j9,1)(t) + 10,21 (8) ® L1 91(t).

Proposition 2.1. For X andY two reflexive Banach spaces, i.e. (X*)* = X.
The dual of W = X QY 1is the space W* = X* QY™ with the duality pairing:
<7~U*a w>W*,W = Z <x;ka xj>x*’x <y:<, yj>y*,y

2]
wherew =3, 2;®y; € XY and w* =3, 27 ®y; € X*®Y™. Moreover,

|lw*||w+ = sup |<w*,w>W*,W|
llwllw=1

= sup{|(w*, 2@ Y-, allx =1, llylly =1} (22)

Let X be a Banach space and v a measure on a space E. The set LP(E; X,v)
is the space of functions ¥ from FE into X such that

[ 1@l avia) < ox.
E

Theorem 2.2 ([Rya02, page 30]). For X a Banach space, the space
LP(E — R; v) ® X is isomorphic to LP(E — X; v).

Moreover, if X = LP(F — R; p) then LP(E — X;v) is isometrically
isomorphic to LP(E x F' — R; v ® p). Moreover, the set of simple functions,
i.e. functions of the form

> Fi(s)ws()
j=1
where f; € LP(E — R;v) and ¢; € LP(F — R;p), is dense into
ILP(EXF = R;v®p).
Theorem 2.3. For F' € S, VF belongs to LP(W — H; u) for any p > 1.
Proof. Step 1. Assume p > 1. Since
LPOW — H; p) =~ LPOW = R; n) @ H,

we have
(LPOW = Hsp) ) = LYW = R; p) @ H

where ¢ =p/(p — 1).
Step 2. Consider the set

BQ,H = {(kv G) €H X Lq(W — R; :u)a Hk||3"[ = 17 ||G||L‘1(W—>R;;J,) = 1}



2.1 Gradient 23

Let F' = f(6h), for p > 1, in view of Proposition 2.1, we have to prove that

sup ’<VF, k@ G)poow—sti: w), oW | < O©-
(k,G)eBg,n

By the very definition of the duality bracket,

<VF’ k® G>LP(W—>H;M), Li(W—H; p) = |E [<VF7 k>7{ GH
= [E[f'(6n)G] (k, h),|
< 1 Mo G Lo oy el 1l ¢
Hence the supremum over B, 4 is finite. The same proof can be applied when
F = f(0h;, 1 <j<m).
Step 2. For p = 1, the previous considerations no longer prevail since an L'

space is not reflexive so that we cannot apply (2.2). However, it is sufficient
to see that LP(W — H; p) is included in LY(W — H; p).

It is an exercise left to the reader to see that the map
Idel™' : POV = R; p) @ H — LPW — R; p) @ L*([0,1] — R; \)
Fohr— F®h

is continuous. Moreover, Theorem 2.3 means for any F' € S, VF belongs
to LP(W — R; pu) ® H. Hence there exists an element VF of LP(W —
R; 1) ® L2([0,1] — R; \) such that

(VF, h),, = /01 V. F h(s) ds

1/p

and || Fl|ppow—m;p) = E

(/ A ds)m]

Proposition 2.2 ([Yos95, page 77]). A map T is closable if and only if

(zn,n >0) € DomT, limz, =0 and limTz, =y = y = 0.

Theorem 2.4. V is closable in LP(W — H; u) for p > 1.

The proof is based on the following lemma which is crucial for the sequel.

Lemma 2.3 (Integration by parts). For F' and G cylindrical, for h € H,
E[G(VF, h),] = -E[F (VG, h),,] + E[FGh]. (2.3)

Proof. The Cameron-Martin theorem says that
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E[F(w+eh)G(w+eh)] =E [F(W)G(w) exp <5h - ;|h||§[>}

Differentiate both sides with respect to €, at € = 0, to obtain
E[F(VG,h),| +E[G(VF,h),] =E[FGoh],
which corresponds to Eqn. (2.3).

Proof (Proof of Theorem 2.4). If F,, tends to 0 in LP(W — R; i) then the
right-hand-side of Eqn. (2.3) tends to 0. On the other hand, by definition of
the convergence in LP(W — H; ),

n—oo

E (G (VFu, 1)) 225 (0, h® G) iy ), Loovois )

It means that for any h € H and G € S,

<17’ h® G>LP(W—>R; ), LiOW—R;pu) — 0. (24)

By density of S in LP(W — R; u), (2.4) holds for G € LP(W — R, p).
According to Theorem 2.2, (n, C)LP(W;H)’LQ(WHH;H) =0 forany ¢ € LY(W —
H; ), hence n = 0.

Definition 2.4 (Gross-Sobolev derivative). A functional F belongs to
D, 1 if there exists (F),, n > 0) which converges to F' € LP(W — R,; ), such
that (VF,, n > 0) is Cauchy in LP(W;H). Then, VF is defined as the limit
of this sequence.

Remark 2.1. The closability of V ensures that the limit does not depend on
the approximating sequence.

Lemma 2.4. Let p > 1. Assume that there exists (Fp,, n > 0) which con-
verges in LP(W — R; p) to F such that sup,, ||Vl rov—m; w) 48 finite.
Then, FF €Dy ;.

For this result, we need to invoke two theorems of functional analysis.

Definition 2.5 (Weak convergence). A sequence (z,, n > 0) is said
to be weakly convergent in a Banach space X, if for every n € X*,
((nsn)x« x » m = 0) is convergent.

Remark 2.2. Since | (0, zn, — x) v x | < |[n]lx+||zn — 2| x, strong convergence
implies weak convergence but the converse is false. For instance, let (e,, n >
0) a complete orthonormal basis in a Hilbert space X, on the one hand
llenllx = 1. On the other hand, according to Parseval equality, for n € X* =
X, [Inllkx = X, 1 (n,en)x - Hence, ((n,2n)x. x,n > 0) converges weakly
to 0. The convergence cannot hold in the strong sense.
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Proposition 2.3 (Eberlein-Shmulyan,[Yos95, page 141]). Let X be a
reflexive Banach space, i.e. (X*)* = X. Then, any strongly bounded sequence
admits a weakly convergent subsequence.

Remark 2.3. For any measure, LP spaces are reflexive only for p # 1, 00. We
do have that the dual of L' is L> but the dual of L™ is larger than L'.

Proposition 2.4 (Mazur, [Yos95, page 120]). Let (x,, n > 0) be a weakly
convergent subsequence in a Banach space X and set x its limit. Then, for
any € > 0, there exist n and (oy, 1 <i < n) such that a; >0, >, a; =1 and

n
| Zaixm —z||x <e
i=1

Proof (Proof of Lemma 2.4). Since sup,, ||VFy||Lronv—2;p is finite, there
exists a subsequence (see Proposition 2.3) which we still denote by (VF,,n >
0) weakly convergent in LP(W — H; ) to some limit denoted by 5. For k > 0,
let ny, be such that ||Fy, — F||r < 1/k for m > n. The Mazur’s Theorem 2.4
implies that there exists a convex combination of elements of (V F,,,, m > ny)

such that
M,

1> afVEn, = nlleov—mi ) < 1/k.

i=1
Moreover, since the af are positive and sums to 1,

My,
1Y ok P, = Fllze < 1/k.

i=1

We have thus constructed a sequence
My,
FF=>"afF,,
i=1

such that F* tends to F in L and VF* converges in LP(W — H; p) to a
limit. By the construction of D, ;, this means that F' belongs to D, and
that VF = .

Definition 2.6. The space D, ; is the closure of S for the norm
IF|p1 = E[F[P]'? + E[|VF|5]Y".

Corollary 2.1. Let F belong to D, 1 and G to Dy 1 with ¢ = p/(p — 1). If
h € H, then Egn. (2.3) holds:

E (G (VF, h),] = —E[F (VG, h),] + E[FGh].
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Proof. According to Lemma 2.3, it is true for F and G in S. Let (F,,n > 0)
a sequence of elements of & converging to F' in I, ;. Since G belongs to S,
G and VG belong to LY(W — R, u). By Holder inequality, we see that
(2.3) holds for F' € D, 1 and G € S. Repeat the same approach with an
approximation of G € D, ; by elements of S.

We can now generalize the basic formulas to elements of Dy, ;.

Theorem 2.5. For F € D, 1 and G € Dy (with 1/p+1/qg=1/r forr > 1),
for ¢ Lipschitz continuous, the product FG belongs to D, 1 and

V(FG) = FVG+GVF
Vo(F) = ¢/(F) VF.

For the next theorem, we need to introduce the two families of projections:
For any ¢ € [0, 1]

o H—H 7y o L2 — L2
h=T"(h) — I*(h1p) ho—s bl .
‘We have )
Il = [ (s 10.0(5) ds < I3 = el

meaning that m; is a continuous contraction on H. Moreover,

m(s A =T (7(1.6) = I (Lo, 110,)) = I (Ljo,sneg)) = (EAS) A

so that

sA. ifs<t
A= - 2.5
mis A ) {t A .  otherwise. (2:5)

Lemma 2.5. Let F € D, 1 and F; = o{w(s), s < t}. Then, E[F|F] belongs
to Dp1 and we have

mE[VF|F]=VE|[F|F] (2.6)
Furthermore, if F is Fy-measurable then V,F =0 for all s > t.

Proof. Step 1. First consider that F' is cylindrical. For the sake of simplicity,
imagine that
F = f(B(t1), B(t2)) with t; <t < to.

Then,
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E[F|F]=E|[f(B(t1), B(t2) — B(t) + B(t))]
_ /R F(B(t1), B(t) + 2)pr_sy (z) dz

= f(B(t1), B(t)), (2.7)

where p;_, is the density of a centered Gaussian distribution of variance
(t2 —t) and

flu,v) = / f(u,v+2)pi_,(z) dz belongs to Schwartz(R?).
R
On the one hand,
VE[F|F]=0f(B(t1),B{t))ti As+0af(B(t1), B(t))t As.  (2.8)
On the other hand,

E [VSF ‘ ft] =E [81f(B(t1),B(t2)) |ft] tl NS
+E [82f(B(t1), B(tg)) |]:t] to A\ s. (29)

The same reasoning as in (2.7) leads to
B (01 (B(t). B(t2) | 7] = [ 0.f(Bt1), B)+ 2)piss(o) do
R
= 81f(B(t1)7B(t))v (210)
for i € {1,2}. In view of (2.10), Eqn. (2.9) becomes
E[V.F|F] = Zaf B(t)) t; A s. (2.11)
Thus, according to (2.5),

mE[V,F|F] = Zaf B(t)) m(t: A.)(s)

= Zé’if(B(tl), B(t)) (t: A1) A s
—V.E[F|F).

step 2. For the general case, let (F,,n > 0) a sequence of elements of S
converging to F' in D, ;. We can construct a sequence of cylindrical functions
which are F; measurable and converge in I, 1 to E[F'| F;]. For any n, there
exist 17 < ... <t suchthat Fy, = f,(B(t}), -+, B(tg ). ¢} <t <t} .,
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for I > jo + 1, replace B(t]') by
(B(t7) — B(t{-1)) + ...+ (B(t} 11) — B(t)) + B(t).

Let W™ the Gaussian vector whose coordinates are the independent Gaussian

random variables (B(t} ) — B(ty _1),---,B(t}, 1) — B(t)) and

Ky @ RF — RF»
w = (w;, 1 <i < k) — w; if 7 < jo,
i—Jjo
— w; + B(t) + > W if i > jo.
I=1

Hence
E[Fn|]:t] =E [(fn Oﬁn)(B(t;L)7"' ’B(tjo)> |B(til)v"' 7B(t)] '

Starting from this identity, we can reproduce the latter reasoning and see
that (2.6) holds for such functionals.

Step 3. It remains to prove that E[F), | 7] converges to F = E[F|F] in
Dy, 1. By Jensen inequality,

E[E[F,|F] - E[F|F] ] <E[F, - F]P] == 0.

According to Proposition 2.1, the dual of LP(W — H; u) is LYW — H; p)
and

IVE [Fy, | Ft] = VE [Fo | Fi] | Lrov -3 )
—sup {[EUVE[F, | 7] - VE[Fu | B A& G|, Il =1, |Gllo =1}

Then, (2.6) implies that

[E((VE[F,|F] - VE[F,, | F], h®G)]|
= |E[(mVE[F, — F,, | F], ) G|
= |[E[(V(F, — F), mh)% E[G | F]]]
< IV(Fn = Fa)llwewiao 123 |Gl Lagy—r; ) -

Since (VF,, n > 0) is a Cauchy sequence in LP(W — H; u), so does the
sequence (VE [F,, | Ft], n > 0), hence it is a converging sequence. Since V is
closable, the limit can only be VE [F' | F].

Step 4. Let HiF = Mseft,1)nq ker(es — €); it is a denumerable intersection of
closed subspaces of H, hence it is closed in H. By sample-paths continuity of
the elements of H, h(s) = 0 for s > t means that h(s) = h(t) for any s > ¢
and s € Q, which is equivalent to h € H;-. There exists a subsequence, we
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still denote by (F,,,n > 0), such that VE [F}, | F;] converges almost-surely in
H to VE [F | F]. Since Hj- is closed, VE [F | F;] belongs to H;-.

As we saw above, an element U of LP(W — H; u) can be represented as
t .
Uw,t) = / U(w,s) ds, for all t € [0,1] (2.12)
0

where U is measurable from W x [0, 1] onto R.

Definition 2.7. An H-valued random variable is said to be adapted when-
ever there exists a process U adapted in the classical sense such that (2.12)
holds.

We denote by L2(W;H) the set of H-valued adapted, random variables
such that

5] [ 06 @] =BlI01] <

It is a closed subspace of L2(W;H).
Similarly D§ | (#) is the subset of L?(W;?#) such that

E U IV, U(s)* dr ds} = E VU200 ] < -

Proposition 2.5. Let X and Y two Banach spaces and M a dense subset of
X. Consider (A, n > 0) a sequence of continuous linear maps from X to'Y
such that:

1. sup,,>q || Anll < oo,
2. for any x € M, the sequence (Apx, n > 0) is Cauchy in Y.

Then, for any x € X and not only in M, the sequence (A,x, n > 0) is con-
vergent in F' and the linear map defined by Ax = lim,_, o, A,x is continuous
from X into Y. Moreover, || A|| < sup,, ||4n]|-

Theorem 2.6. Let U belongs to D5 (M), and Dy, the dyadic partition of [0, 1]
of step 27™. Then,

2" 1 i27"
Up, (t) = Z 2" (/( - U(r) dr) Lia—n (i+1)2-n) (1)
i=1 i-1)2-n

converges in Df 1 (H) to U.

Proof. Since indicator functions with disjoint support are orthogonal in
L3(]0,1]), we have
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on_ 1 io—mn

2 1
/ |UD ‘2 dt Z 2”/ 1 o dT) /Ov 1(1;27",(1;%»1)27?1] (t) dt

- 12 n 1
§ . dr .
S UT‘)| 72—712/ Ulr 2d7~’
i=1 /(i—l)zn ( 2—n 0 U(r)]

according to the Jensen inequality. Hence,
1 p/2
([ wor ar) ] ,
0

1 p/2
([ 1m0 ar)
0
or in other words that the maps

Dy : LPOW — H; p) — LP(W — H; )
U+ I'(Up,)

E <E

are continuous and satisfy [|D,| < 1. Let M be the subset of LP(W —
H; p) composed of processes such that U has continuous sample-paths with

E [HUH&} < oo. For such a process

2! 27 . 2
U—Up, |2 < / / Ulr)—U@)| dr) dt
0= Oo oy < 22 f - (2, 00 =0 )
2" —1

127" 127"
< / 2"/ U(r) — U()2 dr dt,
; (i—1)2-n (i—1)2-n

by the Jensen inequality. Since U is a.s. continuous, for t € ((i—1)27", i277"],

-
2"/ U) — U dr 225 0.
(

i—1)2-n

Since E [||U ||’o’o} is finite, the dominated convergence theorem entails that

on_1 9-n p/2
(Z / / \U(r) — U@ dr dt> 2720,
(i—1)2—n (i—1)2—n

Apply the Proposition 2.5 to see that Up, tends to U in L2(W ® [0, 1] —
R; p®A).

Remark that if U is adapted then so does UDH. Moreover, there exists a
subsequence Uﬂk which converges almost-surely to U and that guarantees

the adaptability of U.
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If U € Dy, V,.U; can be approximated in L2 (W ® [0, 1] — R; pu ® A\®?)
by

2" -1 27" . .
> 2 / V,U(5) ds) L gisnyz-m(d):
= (i—1)2-n

Then, the same proof as before shows this approximation converges in
LW ® 0,12 = R; p® A*?) to VU.

Theorem 2.7. For U € D3 ,(H), the Ito integral of U belongs to Dy, and
for any h € H,

<v(/ U(s) dB(s)), h>? |
_ /0 U(s)i(s) ds + /O <VU(5),h>H dB(s) (2.13)

converges in DS, (H) to U.

Proof. From the previous theorem, we know that <VU(s), h>H is adapted

and square integrable so that its stochastic integral is well defined. For U(t) =
U, 11(1(a7b})(t) with U, € F, and U, € Dy 1, on the one hand, since V is a
derivation operator, we have

<v(/ U(s) dB(s)). h>H

_ <V<Ua (B(b) - B<a>))’ h>H

= (VU,, h)y, (B(b) — B(a)) +/0 Ua 1(4,5(8) h(s) ds

1 1 .
= / <VUa, h>’H 1(a,b](5) dB(S) +/ Ua 1(,1,17](8) h(S) dS
0 0

1 1
_ / U (s)h(s) ds + / (VU(s). h) dB(s).
0 0 H
By linearity, Eqn. (2.13) holds for simple processes as in Theorem 2.6. Since

for U with continuous sample-paths, U, tends in L2(W x [0,1],u ® \) to U,
in virtue of Lemma 2.4, it remains to prove that

B IV [ 0:(6) aB9)] < o

Consider the map
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/01 VU (s) dB(s) : H — L?(p)

h—s </01 VU(s), h>H dB(s).

We expect to compute

P

E| sup

IAll2=1

/01 <VU(s), h>H dB(s)

Without the supremum inside the expectation, we would usually refer to the
Burkholder-Davis-Gundy inequality. In order to deal with the supremum, we
note that

fs / "V0(s) dB(s)
0

is an Hilbert valued martingale and it satisfies also a BDG inequality:

(/ VUG ds)W]

IS p/2
</O /0 |er(3)|2 dr ds) 1 = CPHVU”Zip(W;H@H)'

Combining (2.13) with this upper-bound, we get

p

E [sup

t<1

<cE

/O t VU (s) dB(s)

=c,E

B{IV [ 00) 4B < (1010 o + 190 )
We conclude with Theorem 2.6.

For cylindrical functions, we can clearly define higher order derivative follow-
ing the same rule. The only difficulty is to realize that the second (respectively
k-th) order gradient belongs to H®®) (respectively H®*)): For instance, for
F = f(6h;, 1 <j<n),

<v<2>F,h® k:> = 3" 0/ (Ghy, 1< j <) (b, h)yy @ (s Ry,

=1

= <V(<VF, h>H>’ k>7{'

Definition 2.8. For any p > 1 and £ > 1, D, ;, is the closure of S with
respect to the norm
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k
HFHp,k = ”F”p + Z ||V(J)F||LP(W;7-[®(J'))~
j=1

The space of test functions is D = Np>1 Ni>1 Dy .-

2.2 Divergence

For a matrix M € M, ,(R), its adjoint, which turns to coincide with its
transpose, is defined by the identity:

<M$a y>R1" = <$aM*y>R"

We see that to define an adjoint, we need to have a notion a scalar product
or more generally of a duality bracket. This means that if M is continuous
from a Banach E into a Banach F', its adjoint is a continuous map from F™*
into E* defined by the identity:

(Mz, y)rr- = (x, M"y) g B~

For any ¢ > 1, the Gross-Sobolev derivative, which we denoted by V, is
continuous between the two spaces:

Dy C LYW = R; p) — LIOW — H; ).

Therefore its adjoint is a map from

(L9 =3 w) =170V = Hs )
— (Lq(W > R; u)) = LP(W — R; p)
with 1/p 4+ 1/¢g = 1 and must satisfy the identity

(VE,U) Laow—: w), Lrow—ts n) = (Fs VU) Laow—R; ), Lr (W—R; )
<~ E[(VF,U)y|=E[FU].

An additional difficulty comes from the fact that V is not defined on the
whole of LY(W — R,; p) but only on the subset D 1, hence we need to take
some restrictions in the definition of the adjoint.

Definition 2.9. Let p > 1. Let Dom, V* be the set of H-valued random
variables U for which there exists ¢, (U) such that for any F' € Dg 1,

[ELVE, U)yll < cp(U) [I1Fll Laow—rs -
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In this case, we define V*U as the unique element of LP(W — R; u) such
that
E((VF, U),] = E[FV*U].

Remark 2.4 (V* coincides with the Wiener integral on H). Recall that 0 is
the Wiener integral. We now show that § = V*|,,. For any F' € S, according
to (2.3), we have

E[(VF, h)y] = E[Féh] (2.14)

and 6h is a Gaussian random variable of variance ||h[3,, thus belongs to any
LiY(H — R; p) for any ¢ > 1. Hence,

[E[VE, hal < cllhllall Flle ov—ri -

This means that h belongs to Dom, ¢ and (2.14) entails that V*h = dh.
Henceforth, in the following, we will use the notation § instead of V* and we
keep for further reference the fundamental formula

E[(VF, U)y) = E[F U] (2.15)
for any £ € Dy ; and U € Dom,, 0.

In usual deterministic calculus, if a is a constant, then trivially

/ au(s) ds = a / u(s) ds. (2.16)

For It6 integrals, this property does not hold any longer since we may have a
problem of adaptability: If a is a random variable, not belonging to Fy and u
is an adapted process with all the required integrability properties, then the
process (au(s), s > 0) is not adapted so that [ au(s) dB(s) is not even well
defined. For the divergence, since we got rid of the adaptability hypothesis,
we can prove a formula analog to (2.16) which is a simple consequence of the
fact that V is a derivation operator.

Theorem 2.8. Let U € Dom, 6 and a € Dy with 1/p+1/q = 1/r. Then,
aU € Dom,. § and
d(aU) = adU — (Va,U),, . (2.17)

Proof. step 1. We first prove that the right-hand-side belongs to L"(W —
R; ).

E [la6U|"] < E [[a|P)"/? E[|6U |1/ (2.18)

and
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E[|(Va, U)y|"] < E[|Valls,||U|5]
<E[|Vall4] " E U]
< lall, , U5, ,- (2.19)

Step 2. Denote 7* = r/(r — 1). For F' € D+ 1, since V is a true derivation,

E [<VF7 aU>H] =E [<G‘VF7 U>7-l]
=E[(V(aF)— FVa,U)y] (2.20)
=E[FadU] —E[F(Va,U)y].

According to (2.18) and (2.19), (2.20) implies that
[E[(VE al)u]l < llallp, Uy, 1F 2 ov—205

Hence, aU belongs to Dom,. d.
step 3. At last, (2.20) implies (2.17) by identification.

We have already seen that the It6 integral coincides with the Wiener integral
for deterministic integrands provided that we identify h and h. We now show
that modulo the same identification, the divergence of adapted processes
coincides with their It6 integral.

Corollary 2.2 (Divergence extends Ité integral). Let U € Dg(H).
Then, U belong to Doms 6 and

5U = /01 U(s) dB(s), (2.21)

where the stochastic integral is taken in the Ito sense.

Proof. The principle of the proof is to establish (2.21) for adapted simple
processes and then pass to the limit.
Step 1. For 0 <s<t<1,let

U(r) = 0,1(s, ] (r), ie. U(r) =0, (tAT —sAT),

where 05 € Dy ; and 6, is F-measurable. According to Theorem 2.8, U is in
Doms 6 and

6(U) 2955(t/\.—s/\.)—<v95, t/\.—S/\.>H
1
— 0, (B(t) - B(s)) - / V.0, 1(s, ] (r)r
0
Now recall that according to Lemma 2.5, since 0, € Fg,

V798:01f7>r,
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hence .
5(U) = 0, (B(t) - B(s)) = /O () dB(r). (2.22)

step 2. If U is adapted, the random variable

27"
2" / U(r) dr | belongs to Fig-n.
(i-1)2—n

Hence, with the notations of Theorem 2.6, we have by linearity

1
§(Up,) = /0 Up, (r) dB(r).

Step 3. It remains to show that we can pass to the limit in both sides of (2.21).
The application § is continuous from D§ | (H) C Da 1 (H) into L*(W — R; p).
Hence, Theorem 2.6 entails that

(W—R; ) 5

5(Up,) = ().

n—oo

Furthermore, the It6 integral is an isometry hence a continuous map from
L2(W x [0,1] — R; p) into L2 (W — R; ). Hence,

L2(W—R;p)
_—

/1 0(r) dB(r).

n—roo 0

/O Up, (r) dB(r)

The proof is thus complete.
The It6 isometry states that for U adapted

(/010(8) dB<s>)2 _E [/ )P as).

One of the most elegant formula given by the Malliavin calculus is the gen-
eralization of this identity to non-adapted integrands.

Remark 2.5.1f U € Dy (H) then VU is a.s. an Hilbert-Schmidt map on
L2([0,1] x [0,1],A® A). Indeed, by the definition of the norm in Dy 1 (H),

E

1 1
||U||%»2,1=E[||VU%®H]=E[/O [ v aras).

This ensures the almost-sure finiteness of

1 1
/ / \VTU(S)\Q dr ds,
o Jo

meaning that VU is Hilbert-Schmidt with probability 1.
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Lemma 2.6. If U belongs to D3 ;(H) then trace(VU o VU) = 0.

Proof. According to Lemma 1.4,

trace(VU o VU) = / V,.U(s)V,U(r) dr ds.
[0,1]?

Since U(s) is F,-measurable, V,.U(s) = 0 if r > s. Similarly, V,U(r) = 0
if s > r. Hence, the product is zero A ® A almost-surely. It follows that the
integral is null.

Theorem 2.9 (L? norm of divergence). The space Dy o(H) is included in
Doms § and for U € Dy 5(H),

E [6U%] = E[||U||5,] + E [trace(VU o VU)] . (2.23)
Lemma 2.7. For k > 1, for V € Dy 1 (H®W®)), for x € HZ®) | for h € H,
<V<V, x>7—t®(k>v h>7-¢ = <VV» T h>7—[®(k+1)

Proof. For the sake of simplicity, we give the proof for k = 1. The general
case is handled similarly. Going back to the definition of the scalar product
in H, we have

(V(V,2) 3000, By = /0 2 < /0 Vi k) dr) (s) ds.

Approximate the inner integral by Riemann sums and pass to the limit to
show that

v, ( /0 V) #0) dr) - /O V) () dr

first for V such that (r,s) — V,V(r) is continuous and then by density for
all V€ Dy 1 (H). Hence the result.

Lemma 2.8. For U € Dy 5(H), for any h, k,l € H,

<v<2> (U, by, b 1>H®H - <v<2>U, hek® z>H®H

= <v<2>U, hel® k>7—[®?—t .

That means the map VAU is a symmetric operator.

Proof. Step 1. The first equality is a consequence of Lemma 2.7.
step 2. For F € S, F = f(0hy,--- ,8hp), in virtue of the Schwarz theorem
for crossed derivatives of functions of several variables,
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ij=1
ij=1

- <V(2)F, 1® k>H

<V(2)F, b Z>H®H

OH
The proof is thus complete.

Proof (Proof of Theorem 2.9). For U € Dy o(H), U takes its values in H so

that we can write
U=> (U hn)y hn,

n>0

for (hy, n > 0) a complete orthonormal basis of 7. The series

N N
Uv =3 (U, hn)y hnand VUy =3 VU, hp)yy b
n=0 n=0

converge in L2(W — H; u) and L*(W — H ® H; u)) respectively.
According to (2.17),

N N
Uy = 3" (U, Mg 91— 3" (T, B

n=0 n=0

Thus,

N
VUn = > {(VU, hn)yy Sh + (U, hn)gy hn

n=0
—V((VU, hn ® hn>H®H) }

Consequently, in virtue of Lemma 2.7,

N
E[§Uy 6Ux] = Y BE[(U, hi)gy (VU, by @ hi)yy9, hn)
N
+ Z E[<U7 hn>7—[ (U, hk)?—[ (P, hk>?—[]

- i E [<U, hik) <v<2)U, fin © I @ hk>7—[®<3>}
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On the one hand, Parseval equality yields

A2 = Z E [<U, hn>7—[ <U7 hk)?—[ <hn7 hk>7—[}
n,k>0

=Y B[ h)3] =E[IUI3]
n>0

Apply once more the integration by parts formula in A;:

N

Ar= 3" E[(VU, b ® ha)gae (YU, B @ T ]
n,k>0

Sy m (U 14y (VU b @ i@ ha)

n,k>0

= trace(VUy o VUN) + A3,

since V() is a symmetric operator, cf. Lemma 2.8.
Step 3. In brief, we have proved so far that

E [0UR] = |Un 72 w2 + E [trace(VUy o VUN)].
Then, Eqn. (1.18) entails that
E [0(Un — Uk)?] < |Un = UkllZ2 0w )
+IVUN = VUK 2200 1 )

Thus, the sequence (6Ux, N > 0) is Cauchy in L2(W — R; ) thus conver-
gent towards a limit temporarily denoted by n € L?(W — R,; p). Hence, for
F €D,

E((VF, U)y] = lim E[(VE, Uy)y| = lim B[FUy]=E[Fn].

N —o00

By the very definition of the divergence, this means that U € Doms d and
5U =n= limNﬂoo 5UN
Exercises

Exercise 2.1. For h € H, show that

1 1
VW exp(oh — 5 [I1IB,) = exp(h — S[hl3) hEP. (2:24)
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Exercise 2.2. Let F € D, ; and € > 0. Set ¢(x) = Va? + €2.
1. Show that ¢.(F) € Dy, ;.
2. Show that |F| € D, ; and that

V.F ifF>0
V. F|={0 if F=0
~V,F ifF<o.

3.1If G € D, 1, compute V(F V G).

Let B be the standard Brownian motion on [0,1] and M = sup,¢(o 1) B(s).
Let QN 0,1] = {t,,n > 0}. Consider

M, = sup B(s).
s€{t1, - ,tn}

We admit that B attains its maximum at a unique almost-surely. Let
T = argmaxco,1) B(s).

4. Show that M, belongs to D, ; and compute VMn
5. Prove that M € D, and that VM = 1o 7.

Exercise 2.3 (Iterated divergence). For U € S(H), i.e.
U=> fi(0hy,-- ,6hm)v;
j=1

where (v1,-- -, v,) belong to H and f; in the Schwartz space on R™. Let 52
defined by the duality

B [520°96] ~ [<u®<2>7 V(?)g>H®H]

for any G € Dy 5. Show that
S U@ = (§U)* — U3, — trace(VU o VU) — 25((VU, U),,).

Exercise 2.4 (Stratonovitch integral). The It6 integral has a major
drawback: Its differential is not given by the usual formula but by the It6
formula. On the other hand, the Stratonovitch integral does satisfy the usual
rule of differentiation but does not give to a martingale | We see in this ex-
ercise that the Stratonovitch integral can be computed with é and V. For
T,={0=ty<ti=1/n<...<t, =1}, let

n—1
B(t; — B(t;
dBTn (t) = Z ( ;++13 — t'( Z) 1[ti7ti+1](t) dt
i=0 ¢ !
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be the linear affine interpolation of B. For any H-valued random variable U,
consider the Riemann-like sum

n—1 t;
B(tis1) — B(t;) '+ .
=0

tiv1 —1;

i

The process U is said to be Stratonovitch integrable if the sequence (S%l, n >
0) converges in probability as n goes to infinity.
Assume that U belongs to Dy 2(#) and that the map
[0,1] x [0,1] — R
(5,1) — VU (1)

is continuous.
1. Show that U is Stratonovitch integrable and

1
lim SY = 6U—|—/ vV, U(r) dr.
0

n— oo

Indication: Verify that

n—1

ST =25

5 it — b

tig1 |
S (L a) / () dt.
t

i

Apply (2.17).
2. Find

Tim 3L (U0 + Ultin)) (Blti) - B(t).
=0



