STEIN’S METHOD FOR BROWNIAN APPROXIMATIONS

L. COUTIN AND L. DECREUSEFOND

ABSTRACT. Motivated by a theorem of Barbour, we revisit some of the classi-
cal limit theorems in probability from the viewpoint of the Stein method. We
setup the framework to bound Wasserstein distances between some distribu-
tions on infinite dimensional spaces. We show that the convergence rate for
the Poisson approximation of the Brownian motion is as expected proportional
to A=1/2 where X is the intensity of the Poisson process. We also exhibit the
speed of convergence for the Donsker Theorem and for the linear interpolation
of the Brownian motion.

1. INTRODUCTION

Among the classics in probability theory, one can cite the approximation in dis-
tribution of a Brownian motion by a normalized compensated Poisson process of
intensity going to infinity or the celebrated Donsker theorem which says that a
symmetric random walk conveniently normalized approaches a Brownian motion
in distribution. Though the topology of the convergence in distribution is known
to derive from a distance on the space of probability measures, to the best of our
knowledge, we are aware of only one result precising the speed of convergence in
one of these two theorems. In [1], Barbour estimated the distance between the
distribution of a normalized compensated Poisson process of intensity A and the
distribution of a Brownian motion. The common space on which these two pro-
cesses are compared is taken as the space of rcll functions, denoted by ©([0, 1], R)
equipped with the distance:

dofwm) = inf (koo ® =l + 19 ~1d ),
where Hom(][0, 1]) is the set of increasing homeomorphisms of [0, 1]. It is proved
in [1] that the speed of convergence is not A~1/2 as expected but that there exists
a non negligible corrective term. This additional term exists because the sample-
paths of the two processes do not really belong to the same space: Continuous
functions are a rather special class of rcll functions and sample-paths of Poisson
process even normalized are never continuous whatever the value of the intensity.
Thus there seems to be an unavoidable gap between the two kind of trajectories
in the considered approximation. Actually, the additional term is related to the
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modulus of continuity of the Brownian motion, i.e. in some sense, it measures the
cost to approximate a continuous function by a purely discontinuous one.

We circumvent this problem by considering Poisson and Brownian sample-paths
as elements of the same space. In fact, the Poisson sample-paths, like the trajec-
tories of the other processes we are considering in this paper, belong to a much
smaller space than ©([0, 1], R): They all are piecewise differentiable, i.e. of the
form »°  n7n(t —tn)1p,, t,.,) Where (t,, n > 1) is an increasing sequence of real
and r,, are differentiable functions. An indicator function is not continuous but it
has more property than being rcll. In particular, it belongs to Zg , for any p > 1
and any 8 < 1/p (see below for the definition of Zg ,). On the other hand, Brow-
nian trajectories are (1/2 — ¢)-Holder continuous so that they belong to Zg , any
p > 1 and any 8 < 1/2. Therefore, the natural candidates to support both the
distribution of piecewise differentiable processes and that of the Brownian motion
are the spaces Zg o for any 8 < 1/2. The original problem is then reduced to the
computation of the distance between between a given distribution and a Gaussian
law on some Hilbert space.

The Stein method is known for a long time to give the speed of convergence of
many Gaussian approximations (see for instance [3] and references therein). The
usual approach requires some sort of coupling to derive the pertinent estimates. It
is only recently that the mixing of Stein approach and Malliavin calculus proved
its efficiency (see [14] for a thorough analysis of this line of thought): The search
of ad-hoc couplings in the Stein method is here bypassed by using integration by
parts formula in the sense of Malliavin calculus. In particular, it has been used
for approximations of point processes functionals [5, 6, 15]. But to the best of our
knowledge, up to the notable exceptions of [1] and [20], all these investigations con-
sider finite dimensional Gaussian random variables. We here develop the framework
for a Stein theory on Hilbert spaces thus circumventing many of the technicalities
of [20] which considers Banach valued random variables. Our approach requires
two types of Malliavin gradients : One used to characterize the target (Gaussian)
measure, one built on the probability space of the measure to be compared to the
Gaussian measure, used to perform the necessary integration by parts. For the
impatient reader, the actual method can be explained informally in dimension 1.
Imagine that we want to precise the speed of convergence of the well-known limit

in distribution:
1

A—00
— (X — ) == N(0, 1),
\fA( A=) (0, 1)
where X is a Poisson random variable of parameter A. We consider the Wasserstein
distance between the distribution of X, = A=Y/2(Xy — \) and N(0, 1), which is
defined as
(1) distw (X2, N(0, 1)) = _sup E [F(£,)] —E[FV(0, 1)],

Fel—Lip

where 1 — Lip is the set of one Lipschitz function from R into itself. The well known
Stein Lemma stands that for any F' € 1 — Lip, there exists Hr € C? such that for
all r € R,

F(az) —E[FWN(0,1))] = 2 Hp(x) — Hp(2).
Moreover,
[Hplloo <1, [|[Hplloo < 2
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Hence, instead of the right-hand-side of (1), we are lead to estimate

(2) sup E |X\H(X)) — H'(X))] -

IH oo <1, [H" [0 <2
This is where the Malliavin-Stein approach differs from the classical line of thought.
In order to transform the last expression, instead of constructing a coupling, we
resort to the integration by parts formula for functionals of Poisson random variable.
The next formula can be checked by hand or viewed as a consequence of (15):

E [XAG(XA)} =VAE [G(XA +1/VN) — G(XA)} :

Hence, (2) is transformed into

(3) sup E [VAH (X5 + 1/V) = H(X)) - B'(X,)].
1H oo <1, [|H" [loo <2

According to the Taylor formula

~ ~ 1 ~ 1 5
H(X\+1/VXN) = H(X)) = —=H'(X)) + 53 H'(Xx + 6/V),
VA 22
where 6 € (0,1). If we plug this expansion into (3), the term containing H' is
miraculously vanishing and we are left with only the second order term. This leads
to the estimate (compare to Theorem 9):

. 5 1
disty (X,\7 N(0, 1)) < 7
The remainder of this paper consists in generalizing these computations to the infi-
nite dimensional setting. We show that our method is applicable in three different
settings: Whenever the alea on which the approximate process is built upon is
either the Poisson space, the Rademacher space or the Wiener space.

This paper is organized as follows. We first construct the Wiener measure on
the Besov-Liouville spaces. Section 4 is devoted to the development of the abstract
version of the Stein method for Hilbert valued random variables. In Section 5
to Section 7, we exemplify this general scheme of reasoning successively for the
Poisson approximation of the Brownian motion, for the linear interpolation of the
Brownian motion and for the Donsker theorem. In Section 8, we show that by a
transfer principle, similar results can be obtained for other Gaussian processes like
the fractional Brownian motion, extending some earlier results [7].

2. PRELIMINARIES

2.1. Tensor products of Hilbert spaces. For X and Y two Hilbert spaces,
B(X,Y) is the set of multilinear complex-valued forms over X x Y. For z € X and
y € Y, the bilinear form x ® y is defined by

T® y(fa g) = <CE, f>X <ya g>Y7
for any f € X and g € Y. We denote by B;(X,Y), the linear span of such simple
bilinear forms. It is equipped with the norm

N N
1Y ciw: @ yilla, xvy) = D lealPllaill vl
i=1

=1
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The tensor product X ®Y is the completion of B ;(X,Y") with respect to this norm.
It is known that when X = L?(Ey, 1) and Y = L?(Ey, juz), X ® Y is isomorphic
to L2(Ey X Ea, ju1 ® po) and to L2(Ey;Y, py).

We recall that for X an Hilbert space and A a linear continuous map from
A into itself, A is said to be trace-class whenever the series > <, |[(Afn, fn)x|
is convergent for one (hence any) complete orthonormal basis ( fn,m > 1) of X.
When A is trace-class, its trace is defined as trace(A) = Y -~ (Afn, fn)x. For
x,y € X, the operator z ® y can be seen either as an element of X ® X or as a
continuous map from X into itself via the identification : z ® y(f) = (y, f)x x. It
is thus straightforward that such an operator is trace-class and that trace(z ® y) =
Yons1Ws fo)x(x, fn)x = (x, y)x according to the Parseval formula. The trace
class operators is a two sided ideals of the set of bounded compact operators: If A
is trace class and B is bounded, then A o B is trace class and

trace(| 4 o B|) < trace(|A])||B||

where |A| = vV AA*. We also need to introduce the notion of partial trace. For any
vector space X, Lin(X) is the set of linear operator from into itself. For X and YV
two Hilbert spaces, the partial trace operator along X can be defined as follows: it
is the unique linear operator

tracex : Lin(X ® Y) — Lin(Y)
such that for any R € Lin(Y'), for any trace class operator S on X,
tracex (S ® R) = tracex(S) R.

2.2. Besov-Liouville spaces. This part is devoted to the presentation of the so-
called Besov-Liouville spaces. A complete exposition can be found in [18].

For f € £1([0,1]; dt), (denoted by L for short) the left and right fractional integrals
of f are defined by :

I3 N@ = 5507 | -t >0,

(I Dte) = e [ SO@=—0ar w2,

where & > 0 and Ij, =I)_ =1Id. For any a >0, p,¢ > 1, any f € £? and g € L4
where p~! + ¢! < a+ 1, we have :

1 1
(4) / F(5)(I59)(s) ds = / (I £)(s)g(s) ds.

For p € [1, 4-00], the Besov-Liouville space I§, (LP) := I} is usually equipped with
the norm :

(5) Mg flze, = 1 flles-
Analogously, the Besov-Liouville space I7 (LP) := I, is usually equipped with
the norm :

M52l = 1 len
We then have the following continuity results (see [9, 18]) :

Theorem 1. i If0<a<1,1<p<1/a, then I, is a bounded operator from
LP into LT with ¢ = p(1 — ap)~t.
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1. For any 0 < a <1 and any p > 1, Ictp is continuously embedded in Holp(aw —
1/p) provided that a—1/p > 0. Holy(v) denotes the space of a Hélder-continuous
functions, null at time 0, equipped with the usual norm.

iii. For any 0 < a < B < 1, Holp(B) is compactly embedded in Ly, -

. By I}, respectively I;*, we mean the inverse map of If ., respectively I .
The relation Ig;]@f = Igfﬁf, respectively I If,f = If‘fﬁf, holds whenever
B>0, a+B8>0and f €L

v. For ap < 1, the spaces I;p and I, ,, are canonically isomorphic. We will thus
use the notation I, ,, to denote any of this spaces.

We now recall the definition and properties of Besov-Liouville spaces of negative
orders. The proofs can be found in [4].

Denote by D the space of C* functions defined on [0, 1] and such that ¢(*)(0) =
0, Vk € N. Analogously, set D_ the space of C* functions defined on [0, 1] and such
that ¢(’“)(1) = 0, Vk € N. They are both equipped with the projective topology
induced by the semi-norms py(¢) = Zj<k||¢(j)||oo, Vk € N. Let D/, resp. D, be
their strong topological dual. It is straightforward that D, is stable by Ig+ and D_
is stable I {’,, for any 3 € R™. Hence, guided by (4), we can define the fractional
integral of any distribution (i.e., an element of D’ or D', ):

For T€D ; IL,T: ¢ €D_—=<T, I ¢ >p p_,
For TeD\; I T: ¢ €Dy =< T, [} >p, p, -
We introduce now our Besov-Liouville spaces of negative order as follows.

Definition 1. For 8 >0 andr > 1, Ifﬁ)T (resp. I:B’T) 1s the space of distributions
T eD_ (resp. T € Dy) such that I8+T (resp. IP_T ) belongs to L™. The norm of
an element T in this space is the norm of Ig+T in L (resp. of I°_T).

Theorem 2. For 8 > 0 and r > 1, the dual space ofIET (resp. I,B_r) s canonically
isometrically isomorphic to I;,’B(ET*) (resp. I(;'B(ET*),) where r* = r(r — 1)L
mto L,

Moreover, for B > a >0 andr > 1, If, is continuous from I_,, B

\T

The first part of the next theorem is a deep result which can be found in [19]. We
complement it by the computation of the Hilbert-Schmidt norm of the canonical
embedding kg from Z7 , into £2.

Theorem 3. The canonical embedding ko from L, o into L2 is Hilbert-Schmidt if
and only if a > 1/2. Moreover,

1 1 1/2
o = a = ||I¢ = |1~ = '
©) o= llmallis = 15 s = I s = gy <a<a—1/2>>

Proof. Let (e,, n > 1) be a CONB of £2([0, 1]) then (kY = I (e,), n € N) is a
CONB of Z, , and

Ikallfs = D hRlIZs = > 1T (en)llZ2 o, 1) = 115 Iis

n>1
1 // (t —s)?* 2 dsdt
[(a)? [0,1)2
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and the result follows by straightforward quadrature. The same reasoning shows
also that co = || I} || zs- O

For any 7 € [0, 1], let ¢, the Dirac measure at point 7. In view of Theorem [1],
assertion i, € belongs to (Z, ,)* for any @ > 1/2. As will be apparent below, we
need to estimate the norm e, in this space.

Lemma 1. For any a > 1/2, for any 7 € [0, 1], the image of €; by ja, the canonical
isometry between I, o and its dual, is the function

A (e

IN())
and
(7) ”Ja(@r)”z* Z | (7 )‘ (2<61M:?)F(Oé)2
« keN

Proof. By definition of the dual product, for any h = I (h) where h € £2,

(€r, h>(I;,z)*xI;.z =h(r) = ﬁ,/-,— (s — T)a_lil(s) ds

%%@)(. —n3N k) = (=05 B

hence the first assertion. Moreover, according to Parseval identity in £2, we have

Z |hg(’r)|2 = Z<ET’ hk>( DTl ZQOA(Q’) hk> I, 5T,

kEN keN keN
= (-7 e )2 *#m -3 = (e 2
= F(Q)Q = . + 5 k 2 - F(a)2 . + L2 — Ja\€r 1-;2.
Then, (7) follows by quadrature. O

The sequence (v,,(z) = v/2cos(nmx), n > 0) is a complete orthonormal basis of
£*([0, 1)).
Lemma 2. For any o € (0,1], let

z z
d, = max (sup/ 5L cos(ms) ds, sup/ s*Lsin(rs) ds> .
0 0

220 220
We have Y
2v/2d,
sup sup [I7- v, (t)] < n=%.
tef0, 1] n>1 [(a)
Proof.
It v, (t) = / Leos(mn(s —t)) ds

'1‘% ’1‘%

. t
(COSm) / s cos(ms) ds — T2 / salsinms)ds)-
nt "

ne ¢
Thus, we have.

2v/2d,,
sup sup [I7Zv,(t)] < V2 n-<.
tef0,1] n>1 I'(a)
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3. (GAUSSIAN STRUCTURES ON HILBERT SPACES

In order to compare quantitatively the distribution of a piecewise differentiable
process with that of a Brownian motion, we need to consider a functional space to
which the sample-paths of both processes belong to. Ordinary Brownian motion
is known to have sample-paths Holder continuous of any order smaller than 1/2.
Thus, Theorem [1] ensures that its sample-paths belongs to Zg o C Zgo for any
B < 1/2. Moreover, a simple calculation shows that for any « € (0, 1),

Lja,400) = T'(@) 151 (- — a) %)
Hence 1[4 4 0) belongs to Zy 5 . o for any € > 0. This implies that random step
functions belong to Zs o for any 8 < 1/2. The space of choice may thus be any
space Zg o for any 8 < 1/2. The closer to 1/2 (3 is, the most significant the distance
is but the the greater the error bound is.

3.1. Gaussian structure on Besov-Liouville spaces. To construct the Wiener
measure on Zg o, we start from the It6-Nisio theorem. Let (X, n > 1) be a se-
quence of independent centered Gaussian random variables of unit variance defined
on a common probability space (2, A, P). Let (e,, n > 1) be a complete orthonor-

mal basis of £2([0, 1]). Then,
)= Xalge(en)(t)

n>1

converges almost-surely for any ¢ € [0, 1]. From [10], we already know that the
convergence holds uniformly with respect to ¢ and thus that B is continuous. To
prove that the convergence holds in L?*(Q; Zs, ), it suffices to show that

1 1—
(8) Yo lgenlz, , = D> I enllze = 1157717 < oo

n>1 n>1

From Theorem [3], we know that I~ is an Hilbert-Schmidt operator from £? into
itself if and only if 1 — 8 > 1/2, i.e. 8 < 1/2. Thus, for 8 < 1/2, the distribution
of B defines the Wiener measure on Zg 2. We denote this measure by p13. Note
that (8) implies that the embedding from Z;_g, o into £? is also Hilbert-Schmidt

and that its Hilbert-Schmidt norm is ||Ié; #|lus. By the very definition of the scalar
product on Zg o, for n € Zg 2, we have

E,,, [exp(i(n, w)z, )] = Ep |exp(i Y / 1'% 0 1=PYi(s) en(s) ds X,)

n>1
2

- eXp(—% > <A1(111_—6 o I, )n(s) en(s) ds) )

n>1

1
= ep(=3 117 o I Y2 o, 1)
1 _ B\ - .
= oxp(—g [ (130 L) i(5) ),

where 7) is the unique element of £2 such that n = Igﬂ']. Thus, pg is a Gaussian
measure on Zg o of covariance operator given by

Vs=10, oI}7 oIl 7P o I ]
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This means that

1
—§<V/377, 77>1ﬁ,2)-

We could thus in principle make all the computations in Zg 2. It turns out that
we were not able to be explicit in the computations of some traces of some involved
operators the expressions of which turned to be rather straightforward in ?(N)
(where N is the set of positive integers). This is why we transfer all the structure
to [2(N). This is done at no loss of generality nor precision since there exists a
bijective isometry between Zs o and [?(N).

E,.s [exp(i(n, w)zﬁj)] = exp(

3.2. Gaussian structure on [?(N). Actually, the canonical isometry is given by
the Fourier expansion of the S-th derivative of an element of Zg 5. As is, that
would not be explicit enough for the computations to come to be tractable. We
take benefit from the dual aspect of a time indexed point process. On the one hand,
as mentioned above, the sample-path of a point process is of the form

t— Z 1[tn,1](t)
n>1

where (t,, n > 1) is a strictly increasing sequence of reals, all but a finite number
greater than 1, and thus belongs to Zg o for any < 1/2 as shown above. On the
other hand, it can be seen as a locally finite point measure defined by

Fer?(o.1]) = > fltn)-

n>1

Said otherwise, we have the following identities. For (h,w) € Z;_ g2 X 1;2

1
(9) /0 h(s)dws ==Y h(tn)1(o, 1)(tn)

n>1

=< h, I} (w) > 1 . (7R, 1P (W) 2

Recall that (e, n € N) is a complete orthonormal basis of £2([0, 1]) and set h}=# =

Illfﬁ(en). Then (h=#, n € N) is a complete orthonormal basis of I, 44 Consider

the map Js defined by:
3 Th — PN
wr— Z /1 h1=A(s) dw(s) xp,
neN 0
where (z,,, n € N) is the canonical orthonormal basis of I2(IN).

Theorem 4. The map Jg is a bijective isometry from Lg o into 1*(N). Its inverse
is given by:

35t P(N) — I,
Zan Ty — Zanlg+(en).

n>1 n>0
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Proof. In view of 9, we have

IFpwllfomn = D (/01 hy,(s) clw(S))2

neN

= Z (en, Io_fw)%?

neN
= Il wZe,

according to Parseval equality. Thus, by the definition of the norm on Z3 5, Jg is
an isometry. Since

1
[t dets) = (e I @),
0
the inverse of Jg is clearly given by
350 P(N) — I,

5
Z QU Ty, — Z a,LI§+ (en)-

n>1 n>0

The proof is thus complete. ]
We thus have the commutative diagram.
Tpy —2 2(N)
Vﬂl lsﬂzzgﬁovﬁosgl
Tso —2s 12(N)

According to the properties of Gaussian measure (see [11]), we have the following
result.

Theorem 5. Let g denote the Wiener measure on Ly 2. Then Jjug = mp, where
mg is the Gaussian measure on I>(N) such that for any v € I2(N),

/ exp(iv.u) dmg(u) = exp(—ngv.v)
12(N) 2

with the following notations.

0o 00
||x||l22(N) = Z |$n‘2 and x.y = Zmnyna forallz,y € ZQ(N)
n=1

n=1

For the sake of simplicity, we also denote by a dot the scalar product in {?(N)®*

for any integer k.
In view of Theorem [4], it is straightforward that the map Sz admits the repre-
sentation:

Ss : 2(N) — 12(N)
Zu" Ty —> Z Z(hi_ﬂ, h}_ﬁ>£2([0,1]) Tj & Tn.

n>1 n>13j>1
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By CF(I*(N); X), we denote the space of k-times Fréchet differentiable functions
from (?(N) into an Hilbert space X with bounded derivatives: A function F belongs
to CF(I2(N); X) whenever

[Fllerqzny; xy == sup  sup IV (2)|| xeuzvyes < oo
j=1, -, k zel2(N)

Definition 2. The Ornstein-Uhlenbeck semi-group on (I*(N), mg) is defined for
any F € L*(I*(N), F,mg; X) by
PPF(u) = / Fe7'u+ V1 —e2tv) dmg(v),
12(N)
where the integral is a Bochner integral.
The following properties are well known.

Lemma 3. The semi-group PP is ergodic in the sense that for any u € I>(N),
PPF(u) 222 /f dmg.

Moreover, if F belongs to CF(12(N); X), then, V®) (PP F) = exp(—kt) P’ (V*) F)
so that we have

1
/ / sup IV ) oo d dms(w) < Pl oo, )
12(N) Jo

u€l?(N
For Hilbert valued functions, we define A? as follows.
Definition 3. Let A? denote the linear operator defined for F € C2(1*(N); X) by:
(APF)(u) = u.(VF)(u) — tracez (v (Sg 0 V2F(u)), for all x € I>(N).
We still denote by AP the unique extension of AP to its mazimal domain.

Theorem 6. The map AP is the infinitesimal generator of PP in the sense that
for F € C2(I*(N); X): for any u € I*(N),

(10) PPF(u / APPPF(u

3.3. Notations. Before going further, we summarize the notations.
e 2.y : canonical scalar product on ?(N)®(¥)
(f,9)1.., : canonical scalar product on Z, »
VF : gradient of a Fréchet différentiable F' defined on [?(N)
up (respectively mg) : Gaussian measure on Zg o (resp. [2(IN))
he = I (en) where (e, n € N) is a CONB of £?
(n, n € N) the canonical basis of [2(N)
¢ : Hilbert-Schmidt norm of I

4. STEIN METHOD

For i and v two probability measures on RN, we define a distance by
px(v, p) = sup /de—/Fd,u
IFlls<1

where ¥ is a normed space of test functions (the norm of which is denoted by ||.||z).
If ¥ is the set 1-Lipschitz functions on ZQ(N) then pz corresponds to the optimal
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transportation problem for the cost function c(z, y) = ||z — ylliz(n), 2, ¥ € L,2
(see [21]). For technical reasons (as in [16]) mainly due to the infinite dimension,
we must restrict the space T to smaller subsets. We thus introduce the distances
pjforj>1as

pi(v, p) = sup /Fdz/ - /qu.
7 <1

el 2Ny R) =

However, these weaker distances still metrize the space of weak convergence of
probability measures on [?(N).

Theorem 7. Let (v,, n > 1) be a sequence of probability measures on 12(N) such
that some j > 1,
n—oo

pj(Vn; p) —— 0.

Then, (v, n > 1) converges weakly to p in 12(N):

/den’H—"">/qu,

for any F € CY(I*(N), R).

Proof. As Hilbert spaces admit arbitrarily smooth partition of unity [12], for j > 2,
one can mimic the proof of [8, page 396] (see also [2]) which corresponds to p;. O

Say that ;1 = pg is our reference measure, that is the measure we want the other
measures to be compared to. Stein method relies on the characterization of pg as
the stationary measure of the ergodic semi-group P?. In view of (10), for j > 2,

p;i(v, pg) = sup / / APPPF(2)dt dv(z).
<1Ji2(N) Jo

|‘F‘|C{;(l2(N);R)*

Thanks to the integration by parts induced by Malliavin calculus, we can control the
right-hand-side integrand and obtain bounds on p;(v, ug). To be more illustrative,
the Stein method works as follows: construct a process (¢ — X(z, t)) constant in
distribution if its initial condition z is distributed according to pz. Moreover, for
any initial distribution, the law of X(x,t) tends to pg as ¢t goes to infinity. Stein
method then consists in going back in time, from infinity to 0, controlling along the
way the derivative of the changes, yielding a bound on the distance between the
two initial measures. Other versions (coupling, size-bias, etc) are just other ways
to construct another process X. In these approaches, for every v, the couplings are
ad-hoc whereas Malliavin calculus gives a certain kind of universality as it depends
only on the underlying alea. Malliavin structures are well established for sequences
of Bernoulli random variables, Poisson processes, Gaussian processes and several
other spaces (see [17]). In what follows, we show an example of the machinery for
each of these three examples.
The core of the method can be summarized in the following theorem.

Hypothesis 1. For X a Hilbert space, H € I?(N) ® X and o a non-negative
real, we say that the probability measure v satisfies Hyp(X, H, «) whenever for any
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G € Ci(IP(N); I*(N))

(11) ‘/ x.G(x) dv(x) — / trace(tracex (H ® H) o VG(x)) dv(x)
12(N) 12(N)

<a ”V(Q)GHCf(l?(N);lQ(N)®3)-
Theorem 8 (Stein method). Assume that Hyp(X, H, o) holds. Then, if a > 0,

(12) p3(v, pg) < % trace(H ® H) — trace(Vg)‘ + %~
Ifa=0,

1
(13) p2(v, pg) < B ’trace(H ®H)— trace(Vg)‘.

Remark 1. The two terms in the right-hand-side of (12) are of totally different
nature. The trace term really measures the effect of the approximation scheme
whereas the second term comes from a sort of curvature of the space on which is
built the approximate process. As will become evident in the examples below, this
term is zero when the Malliavin gradient satisfies the chain rule formula and non-
zero otherwise.

Proof. For a > 0, for F € C?, according to Lemma 3 and Theorem 6, we have

(14) EV [F] - E/J/a [F]
:f/ t/<Lvﬁme>nm%wov@ﬁFm)wm@y
2N Jo
Applying Hyp(X, H,«a) to G = VPfF, we have

|E, [F] — By, [F]] <

E, {/ trace(tracex (H @ H) — V) o v PpPF) dt] ‘
0

127
+aE, U IV PR dt}
0

1
< 3 IV® Pl trace(tracex (H @ H) ~ Va)| + 5[ VO P,

according to Lemma [3] and to the relation (see [11]) | trace(AoC)| < |trace(A)|||C||.
If @ = 0, the very same lines show that the second order differential of F' is sufficient

to have a bound of E, [F] — E,, [F]. O

5. NORMAL APPROXIMATION OF POISSON PROCESSES

Let x[o,1) the space of locally finite measures on [0, 1] equipped with the vague
topology. We identify a point measure w = > d¢, with the one dimensional

neN “in
process

t
N :telo, 1] »—)/ dw(s) = Z 10,4 (tn).
0 neN
The measure vy is the only measure on (xjo, 1], B(x[0,1])) such that the canonical
process N is a Poisson process of intensity Ad7. It is well known that for a Poisson
process N of intensity A, the process

Nﬂ@z%ﬂN@fﬁ)
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converges in distribution on ® to a Brownian motion as A goes to infinity. For any
B < 1/2, we want to precise the rate of convergence.

5.1. Malliavin calculus for Poisson process. For a real valued functional F' on
X[o, 1], it is customary to define the discrete gradient as

D,.F(N)=F(N +¢,)— F(N), for any 7 € [0, 1],

where N + ¢, is the point process N with an extra atom at time 7. We denote by
ID)Q"1 the set of square integrable functionals F' such that

1
IF|3.1 5 ==Ey, [F?] +E,, [/0 |D-F*A dr}

is finite. A process G € L?(vy x dr) is said to belong to Dom §* whenever there
exists ¢ > 0 such that

1
E,, [/ D.F GTAdT} < ||F || 2 (wy)s
0

for any F' € D%,y The adjoint of D, denoted by 6” is then defined by the following
relationship:

(15) E,, [F 6MG)] = AE,, [/01 D.F G, dr} :

Moreover, it is well known that for G deterministic, 6* coincides with the compen-
sated integral with respect to the Poisson process, i.e.

NG = /1 G, (dw(r) — Adr),
0

and that D6*G = G.

5.2. Convergence theorem.

Theorem 9. We denote by v5 the distribution of JzNy in I*(N). The measure V5
satisfies Hyp(L2([0,1]), Hy, a) with

1—B)3/2 ¢}

5-65 v

Hence,
a

* < .
p3(Vy, pp) < 3/

Remark 2. From its very definition, it is clear that

~ 1 A(p1-8

\/X n>1
where (z,, n > 1) is the canonical orthonormal basis of 12(N). Note also that
1
DIsNy=—= > h P @,
\/X n>1

1t is because of this particular form of DJIgNy as an infinite series of simple bilinear

forms on Iy 5, ® I2(N) that the computations to come are feasible. To compare,
if we view Ny as an element of g o, then

Dy NA(t) = I§ (7 = )37)(8).
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Since there is no decoupling in this expression between the T wvariable and the t
variable, the computations are intractable; hence the need to resort to the Gaussian
structure on [2(IN).

Proof of Theorem 9. Let Hy = A\~1/2 Zn21 =P @ a, = \N"V2H,. Let F ¢
CZ(I*(N);R) and z € [?(N). Denoting by G(y) = F(y)z for y € I*(N), we have

E [J5Nx.G(IsNy)] = IZE [A (L PYF(3sNA)] 2p.a

n>1

\FZE[/ hi=A( )DTF(ﬁﬁN,\))\dT] T

n>1
=E {/0 D.F(JaNy).Hx(T) dr} .
According to the Taylor formula,
DrF(3pNy) = F(3sNx + Ha(7)) = F(IsN2)

1 I
= —=VF(JaN\).Hi(7) + X/ (1—7) VEF(35Nx + H(1)).Hy (1)®® dr.
0

VA
Thus, we get
(17) E[JgNx.G@sNyN)] = [/ VG(3sNy).Hy (7 )®(2) dr

+A"V2E [/ / ) VAG(3sNy).Hi(1)2® drdr| .

By linearity and density, (17) holds for any G € CZ(I?(N);!*(N)). Note that for
any A =37, i N @i T @ T € I2(N) ® I2(N)

o0

1
/ AH (1)@ dr = Z a; j (hl o h1 B)Lz = trace;z(n)(Sp 0 A).
0 ij=1

Hence,
1
/ VG(35Ny).Hi(7)®® dr = tracen)(Ss 0 VG(IsNa)).
0

Since V2@ is bounded, we have

1 1
‘]E U / (1 —7) VAGFsNs +rHy), Hy (7)%3 dr dT}
0 0

1
< IV [ I
Moreover, according to (7),
3/2

1 1 1— 3/2
[ i@l = [ [ Soer)  e=U20 0

n>1
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Hence, it follows that

E 35 V2. G@sNy)] — B [trace(Ss 0 VG@aN )| < L= B2 s g
BNA.G(IgNA 8 s < 5535 3% 005
which is Equation (11) with X = £2(]0, 1]) and « given by (16). O

Remark 3. It is remarkable that by homogeneity, the partial trace of Hy ® Hy is
equal to Vg. The only remaining term in Theorem [8] comes from the fact that the
discrete gradient does not satisfy the chain rule.

One could also remark that the choice of the space in which we embed the Poisson
and Brownian sample-paths (i.e. the choice of the value of ) modifies only the
constant but not the order of convergence, which remains proportional to X~1/2.

6. LINEAR INTERPOLATION OF THE BROWNIAN MOTION

For m > 1, the linear interpolation B} of a Brownian motion BT is defined by

,_.

Bl (0) =0 and dB} (t)=m Z (BY(i + 1/m) — BT (i/m))1(i/m, (i41)/m) (t) dt.
7=0

Thus, JgBIn is given by

m—1 (i+1)/m
mz (BY(i +1/m) — BT(i/m)) Z/ hl=B(t)dt x,,.
j=0 ¢

neN
Consider the £2([0, 1])-orthonormal functions
e;”(s) = \/Tinl[j/my(j+1)/m)(8), j = 0, e, M — 1, CES [O, 1]

and Ff, = span(e;."7 j=0,---, m—1). We denote by Pgi the orthogonal projection
over F. Since BJ is constructed as a function of a standard Brownian motion,
we work on the canonical Wiener space (C°([0, 1]; R), Z; 2, m'). The gradient we
consider, D', is the derivative of the usual gradient on the Wiener space and the
integration by parts formula reads as:

(18) E,,+ [F/Ol (s)dBT(s ] [/ DIF u(s }

for any u € £2([0, 1]).
Theorem 10. Let v}, be the law of JgB], on I>(N). The measure vj, satisfies

Hyp(£2%, H} , 0) where
sz = Z ijnh}l_ﬁ X x

neN
Hence,
,YT
pa (vl pg) ‘trace (HI @ HI)— trace(V3)| := ";”6-
Moreover, for any 0 < & < 1/2 — B, for any p such that p(1/2 — § —¢) > 1,
1/2
dij24e c1-8 Cijo4e,p 1 —(1/2—B—¢)
TmB =T T(1/2 ) 2 ogwE| m ’

n>1
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where for anyp > 1, a € (1/p, 1],

Co,p = sup  [[fllnolp(a—1/p)-
Ifllza, p=

Proof. For G sufficiently regular, according to the definition of B™ and to (18), we
have

(19) E [3sB},-G(3sB],)]

m—1 (i+1)/m
B Yo m > (Bi+1m)~BG/m) [ H(0dt Gu(@sB))

neEN  i=0 i/m
(i+1)/m (i+1)/m
=m Z / hlP(t)dt B / DiG,(3sB})) ds
neEN i=0 i/m

(i+1)/m
= / H (t)dt.E,, / DIG(33B},) ds
0

i/m

Since DT obeys the chain rule formula,

(20)
DiGn(3sB)) = Y ViGn(3sB},) DIW
kEN
m—1 (1+1)/m
= Z ViGn(35B)(m Z l[l/m,(l+1)/m)(s)/ hi(s) ds)
kEN 1=0 Ljm

= VGn(3pBL)-H},(5).
Combining (19) and (20), we get

E [35B,.G(3sB),)]

m—1 (i+1)/m (i+1)/m
D) ViGa(3sBY) / A=A () dt / hi(s) ds

kEN neN i=0 i/m i/m
= E [trace(tracesz(o, 1)) (H), ® H}}) o VG(35B]))] -
It follows that v, satisfies Hyp(£2, H} , 0). To conclude, it remains to estimate
trace(trace 2 (H,, @ H}) — V).

We have

|tmce(trace52(HT @ H )~ Vs)|

1— =, [E/m 1 2
<y / BB (s)2ds — m Z(/ BB (s) ds)
=0

neN i/m
(i+1)/m (i+1)/m
= Z / hL=B(s)(hXP(s) —m hL=B(r)dr)| ds.
ne€N =0 v i/m
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Applying Cauchy-Schwarz inequality, we get

1/2
|trace( (tracess (HJ, @ HJ)) (Z [ B”LQ [0, 1] )
neN
(z+1)/m (i+1)/m 1/2
Z hL=P(s) — h:=P(r)dr)? ds
neN =0 (

Take (v, = v/2cos(mn.), n > 0) the CONB of £2(]0, 1]) defined in Lemma [2] and
hl=8 = Illfﬁvn. For any p > 1 and any « > 1/p,

[0 (5) = BA 2 ()] < G pmap T} ="~ nll oo,y It — 5[/
< 2d1—6—a Cl—ﬁ—ﬂhp ‘t_ s|04—1/il"
- T-p-a) P

Thus, choosing a < 1/2 — 5 and p > 1/a, we get

|trace(trace 2 (Hi © HI)— Vs)|
1/2

2d1-g—a C1—B—a,p C1-8 —2(1—f—a) —(a—1/p)
< TG o) > o m .

n>1

Since « can be chosen arbitrarily close to 1/2 — 8 and p as large as desired, the
result follows. |

7. DONSKER THEOREM

The same approach can be applied to have precise asymptotic for the Donsker
theorem. Let X = (X,, n € N) be a sequence of independent and identically
distributed Rademacher random variables, i.e. P(X,, = £1) = 1/2 for any n. For
any k in N, we set

X+ (Xh 7Xk71717 Xk?+1 )
and X, = (X1, -, Xp—1, =1, Xpq1 ---).
The discrete gradient on this probability space is given by
1

S(F(X) = FXG).

Then, the integration by parts formula reads as

DIF(X) =

(21) > uDiF(X) )y uka]
keN keN
for any u = (ug, k € N) which belongs to [?(N).
Consider
B — S x =Y =X
m(t) = —— = — [k /m,1] (1)
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Since the derivative of Bf, with respect to ¢ is a sum of weighted Dirac measures,
we have

3 j—mxk B8 (kfm), n > 1).

Theorem 11. We denote by v}, the distribution of JgBS, on (>(N). The measure
vi satisfies Hyp(1>(N), H%, 1) where

m?

H! = <T hyy P (k/m) 11 (k), n € N, k € N).

Furthermore, for any € > 0, there exists mg such that for m > my,

QC/%,OO B—1/2.
pa (Vs 1g) < (1 +¢€) 52-5 "

Proof. According to the integration by parts formula (21), we have

1
E [3sB! G(3sBL)| = — JsBL,(n) Gy (3sBE,
[3s (3B, NG ;:1 8 sB,)
1
=—F ZZhl (k/m)X,, G, (33B)
\/m _n>1k 1
1
= —E ZZhl (k/m)DLG,(3sBE,)
\/m k 1n>1
(22) =E Y (DiG(3sBE), H, (k)
k=1
=E [(D*G(JsBL), HL)emnerm)
where

1
H? (k) = (ﬁ h1=B(k/m), n € N) if k < m and 0 otherwise.
According to the Taylor formula,

DIGsBS) = 5 (G@sBL + (1 = X LK)~ G5B — (~1 - Xi)HE (1)
= <VG(L‘BBﬁ )7 I{m(k»lQ(N)(1 —Xp+1+ Xk)/2

+ (1_;(’“)/0 (1-7) <V2G(3ngn +r(1 — Xp)H? (k)), an(k)®(2)>

(1+Xp)? [ 21(~ . B f t ()22
e e (V2G(39BE, + (1 + X HE, (K), HE,(F) >12(N)®2 dr.

12(N)®2
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Plugging this latter equation into (22), it follows that

E [35B;,.G(sB})] =E

Z (VG(3BE,), HE (k) ® Hﬂm(k)hz(N)@?]

keN

+> E

z=%1

1—2X)?
Z( - k)

keN

X /O (1 =) (V2G@sB, + (1 — 2Xp) H, (k)), HE, (k)%%) 1 )00 dr] :

Since (1 — zX},) is either 0 or 2 for any k£ > 1 and any z € £1, we get
|E [35B%,.G(3sBE,)] — E [trace(trace;s () (HE, @ HE) o V2G(3BE)))]|
< IV Glloo 1 HE I oy 02 0y
which is (11) with & = 1. Furthermore, we have

m

|trace(tracelz(N)(HﬁL ® HE) — V)| < Z(/ hi(s)®ds — p. Z hi(k/m)?)
i=1 70 k=1
+ 3 lhallZe

i>m
By the very definition of (g, «, we have ||h1 ™| < (g, o for any n € N. Thus,
(k+1

2.

m—1 (k+1)/m
< 203, 00 Z / |hi(s) — hi(k/m)|ds
k=0 k/m

(k+1)/
< 2(57 Z/ |s—k/m\1/zfﬁds

)/m
|hi(s)? = hi(k/m)?| ds

‘/Olhi( ds——Zh (k/m)?

CB fe'e)
< B ,A-1/2
=32-8"

According to Lemma [2], we may assume that

8 d?
1-8 1-8 —2(1-8)
Hh ||L2 = F( 5)2 n ’

Hence,

S < e Y P <ot

n>m n>m
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On the other hand,

m 3/2
IH ] iz )iz () = <Z Z k/m)

N k
G [1'&
<= EZ - anniz
=0 i€EN
Cﬁc1 8 1

T (2-287 vm
Thus, as m goes to infinity, the dominating term is that corresponding to the power
mP~1/2 hence the result. [l

8. TRANSFER PRINCIPLE

For X and Y two Hilbert spaces and © a continuous linear map from X to Y.
Let p and v two probability measures on X and py (respectively vy) their image
measure with respect to ©. Since O is linear and continuous, for F' € F € C;f(Y, R),
F o © belongs to Cé“(X7 R), hence, we have

sup /Fdﬂy*/dey: sup /FO@dﬂ*/FO@dV
Feck(Y,R) Feck(Y,R)

< sup /qu—/qu.
FeCk(X,R)

As an application, we can precise the convergence established in [7]. Note that
in this paper, the key tool was also a matter of Hilbert-Schmidt property of some
operator.

The fractional Brownian motion of Hurst index H € [0, 1] may be defined (see

[4]) by
B(0) = [ Kult.s) aB(o).
where

t—r)H-3 1 1 1 t
) F(*—H H—* H‘i‘* 1—;)1[0’”(7’)

(
K =
H(tar) 2 ) 27 2)

I(H+3)
The Gauss hyper-geometric function F'(«, 8,7, 2) (see [13]) is the analytic continu-
ation on C x C x C\{-1,-2,...} x {z € C, Arg|l — z| < 7} of the power series

> ek

' 7
= () kk
and
Pla+k)

I(a)

Furthermore, according to [18], Ky is a continuous map from £2([0, 1]) in to
I;r1+1/2, , hence the map Oy = Ky o Iof can be defined continuously from IE 5 to
IE—(1/2—,8) 5+ Since Oy B = BH | we have the following result.

(a)o =1 and (a); = =ala+1)...(a+k—-1).
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Theorem 12. For any H € [0, 1], for any 1/2 > € > 0,

(1]
2]
(3]
[4]
[5]
(6]
(7]
(8]
(9]
(10]
[11]
(12]
(13]
[14]
(15]
[16]
(17]
(18]
(19]
20]

(21]

3 (JH_E(/O' Ky (t, s) dN(s)), 3H_€(BH)> < 3\%
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