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Abstract

Given a multi-dimensional Markov diffusion X, the Malliavin integration by parts
formula provides a family of representations of the conditional expectation E[g(X2)|X1].
The different representations are determined by some localizing functions. We discuss
the problem of variance reduction within this family. We characterize an exponen-
tial function as the unique integrated mean-square-error minimizer among the class
of separable localizing functions. For general localizing functions, we prove existence
and uniqueness of the optimal localizing function in a suitable Sobolev space. We
also provide a PDE characterization of the optimal solution which allows to draw the
following observation : the separable exponential function does not minimize the in-
tegrated mean square error, except for the trivial one-dimensional case. We provide
an application to a portfolio allocation problem, by use of the dynamic programming
principle.
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1 Introduction

Let X be a Markov process. Given n simulated paths of X, the purpose of this paper is

to provide a Monte Carlo estimation of the conditional expectation
r(z) == Eg(X2)| X1 =2], (1.1)

i.e. the regression function of g(X2) on X;. In order to handle the singularity due to the
conditioning, one can use Kernel methods developed in the statistics literature, see e.g.
[2]. However, the asymptotic properties of the Kernel estimators depend on the bandwidth
of the Kernel function as well as the dimension of the state variable X. Therefore, using

these methods in a Monte Carlo technique does not induce the y/n rate of convergence.

Malliavin integration by parts formula has been suggested recently in [7], [6], [10] and
[9] in order to recover the y/n rate of convergence. Let us first discuss the case of the
density estimator considered by [9]. The starting point is the expression of the density p

of a smooth real-valued random variable G (see [12] Proposition 2.1.1) :

DG
14G>a)6 <|DC¥|2N 7 (1.2)

where 9§ is the Skorohod integration operator, and D is the Malliavin derivative operator.

p(z) = E

Writing formally the density as p(x) = E[e;(G)], where ¢, is the Dirac measure at point
x, the above expression is easily understood as a consequence of an integration by parts
formula (integrating up the Dirac). A remarkable feature of this expression is that it
suggests a Monte Carlo estimation technique which does not require the use of Kernel

methods in order to approximate the Dirac measure.

The same observation prevails for the case of the regression function r(z) which can be
written formally in :

T(I‘) _ E[g(XQ)ECE(Xl)]
Ele.(X1)]

Using the Malliavin integration by parts formula, [6] suggest an alternative representation
of the regression function r(z) in the spirit of (1.2). This idea is further developed in [10]

when the process X is a multi-dimensional correlated Brownian motion.

An important observation is that, while (1.2) suggests a Monte Carlo estimator with \/n
rate of convergence, it also provides the price to pay for this gain in efficiency : the right-
hand side of (1.2) involves the Skorohod integral of the normalized Malliavin derivative
|DG|~2 DG} in practice this requires an approximation of the continuous-time process DG

and its Skorohod integral.

In this paper, we provide a family of such alternative representations in the vector-valued

case. As in [6], we introduce localizing functions ¢(z) in order to catch the idea that the



relevant information, for the computation of r(z), is located in the neighborhood of z.

The practical relevance of such localizing functions is highlighted in [10].

The main contribution of this paper is the discussion of the variance reduction issue
related to the family of localizing functions. We first restrict the family to the class of
separable functions ¢p(z) = [[; pi(x"). We prove existence and uniqueness of a solution
to the problem of minimization of the integrated mean square error in this class. The
solution is of the exponential form ;(z?) = e~ where the n'’s are positive parameters
characterized as the unique solution of a system of non-linear equations. In the one-

dimensional case, this result has been obtained heuristically by [9].

We also study the problem of minimizing the integrated mean square error within a
larger class of all localizing functions. We first prove existence and uniqueness in a suitable
Sobolev space. We then provide a PDE characterization of the solution with appropriate
boundary conditions. An interesting observation is that separable localizing functions do

not solve this equation, except for the one dimensional case.

The estimation method devised in this paper is further explored in [4] in the context of

the simulation of backward stochastic differential equations.

The paper is organized as follows. Section 2 introduces the main notations together
with some preliminary results. Section 3 contains the proof of the family of alternative
representations of the conditional expectation. The variance reduction issues are discussed
in Section 4. Numerical experiments are provided in Section 5. Finally, Section 6 provides
an application of this technique to a popular stochastic control problem in finance, namely
find the optimal portfolio allocation in order to maximize expected utility from terminal
wealth.

2 Preliminaries

We start by introducing some notations. Throughout this paper we shall denote by Jx
the subset of N*¥ whose elements I = (iy,...,14;) satisfy 1 <4y < ... < i} < d. We extend
this definition to & = 0 by setting Jy = 0.

Let I = (i1,...,4m,) and J = (j1,...,1,) be two arbitrary elements in 7, and J,. Then
{ir, .. im} U1, s dn}t = {k1,. .., kp} for some max{n,m} < p < min{d, m + n}, and
1<k <...<k,<d. Wethen denote I VJ := (ki,...,kp) € Jp.



2.1 Malliavin derivatives and Skorohod integrals

Let (2, F, P) be a complete probability space equipped with a d-dimensional standard
Brownian motion W = (W?,...,W¢%). Since we are interested in the computation of the
regression function (1.1), we shall restrict the time interval to T := [0,2]. We denote by
F := {F, t € T} the P—completion of the filtration generated by W. Throughout this
paper, we consider a Markov process X such that X; and X5 belong to the Sobolev spaces

D*P (p, k > 1) of k—times Malliavin differentiable random variables satisfying :

& 1/p
Xllpew = |BOXP)+ 3B (IDIX| )| <o
j=1
where
, 1/p
1D/ X|[po(rsy = </T‘|Dt1---Dth\pdtj...dt1> :
J

Given a matrix-valued process h, with columns denoted by A‘, and a random variable

F', we denote
SHF) := /TF(hi)*th fori=1,...,d, and SHF) := Sﬁo...oS&(F}

for I = (i1,...,1;) € Ji, whenever these stochastic integrals exist in the Skorohod sense.
Here * denotes transposition. We extend this definition to £ = 0 by setting SS(F )= F.
Similarly, for I € Jj, we set :

Sh(F) = S;—‘(F) where I € J;_; and IV I is the unique element of 7y .

2.2 Localizing functions

Let ¢ be a C?, i.e. continuous and bounded, mapping from R? into R. We say that ¢ is

a smooth localizing function if
©0) =1 and drp € CY forall k=0,...,dand I € J}, .

Here, 97 = 0%p/0x;,, . ..0z;,. For k=0, J, = 0, and we set Jyp := ¢. We denote by

L the collection of all such localization functions.

With these notations, we introduce the set H(X) as the collection of all matrix-valued

L?(F,) processes h satisfying

/Dtthtdt = Id and /DtXthdt =0 (21)
T T



(here I; denotes the identity matrix) and such that :

St (p(X1)) is well-defined in D2 forall I € J,, k<dand p € L. (2.2)

We shall assume all over this paper that
Standing Assumption : H(X) # 0.

We next report useful properties for the rest of the paper.

Lemma 2.1 Consider an arbitrary process h € H(X). Then, for all bounded f € C,} and
for all real valued r.v. F € D2 with E[F? [ |h|*dt] < oo :

(i) / Dy (f(X2)) hydt = 0 and therefore E |:f(X2)/ Fhdet] =0.
T T

(i) /T FX)FR AW, = f(X1) [ FhidW; — Vf(X))F,

Proof. The first identity in (i) is a direct consequence of the chain rule formula together
with (2.1). The second identity follows from the Malliavin integration by parts formula.
To see that (ii) holds, we apply a standard result (see e.g. Nualart (1995) p. 40)

[ fexoEniaw, = £06) [ Pridi - 9FC)F | Dbt
T T T

The required result follows from (2.1). O

2.3 Examples

Example 2.1 (Markov diffusion) Let X be defined by the stochastic differential equa-

tion :
dX; = b(Xt)dt + O'(Xt)th , (23)

together with an initial condition Xy. Here, b, o and o~ ! are Cy° vector and matrix-valued
functions. Under the above condition X belongs to the set Ll}’p (p, k> 1) of processes X
such that X, € D*P for all t € T and satisfying :

P

k
1Xlpzs = E(/Tyxtypdt)+ZE(/Tupaxtugp(mdt) <00
j=1

We denote by LY = Np>1 Ni>1 ]Ll%p. We similarly define D*>. Notice that f(X) € L
whenever f € C5°. In particular, 071(X) € LY (see [12] Proposition 1.5.1).



The first variation process of X is the matrix-valued process defined by :
d
Yo=1I; and dY; = Vb(X)Yidt+ > Vo' (X;)YidW; (2.4)
i=1
where V is the gradient operator, and o¢ is the i—th column vector of o. By [12] Lemma

2.2.2, the processes Y and Y ! also belong to LT.

The Malliavin derivative is related to the first variation process by :
DXy = VY, 'o(Xo)lsep s 520, (2.5)
so that :
D X1 = VY5 'DXolgcry;  s>0. (2.6)
It follows that H(X) is not empty. Indeed, since X, Y, Y ! and 071(X) are in L5,
he = (DeX2) 'YV M (Legor) — Leept,2) (2.7)

defines a process in Ly satisfying (2.1). Moreover, for each real-valued F' € D*°, and i =
1,...,d, SZh(F) is well defined and belongs to D™ (see [12] Property 2 p38 and Proposition
3.2.1 p158). By simple iteration of this argument, we also see that h satisfies (2.2).

Example 2.2 (Euler approzimation of a Markov diffusion) Consider the Euler approx-
imation X of (2.3) on the grid 0 = tg < t; < ... <ty =1 < ... < tay =2, N €
N,
Xt() = XO
Xt = Xen +0(X1,) (o1 — tn) + 0 (X1,) (Wepyy — We,)  for0<n<2N—1.
Recalling that b, o are Cp°, we see that, for each n € {0,...,tan}, X;, € D>, where the
Malliavin derivatives can be computed recursively as follows :
DXy, = o (Xy) Li<s,
DX, = DiXy, + Vb(Xy,)Di Xy, (tns1 — tn)

n+1

d
+ ZVUZ(th)Dtth(WZnH —WE )+ 0(Xe,) Lietntnin] -

i=1
Noticing that D;X;, = 0 for t > t,, and recalling that o~! € Cpe, we see that :
hy = (1 - tN—1>_10-_1(XtN71)1t6(tN—17]-]

- (2 - t2N—1)71071(Xt2N—1)DfXQO-il(XtN—l)ltE( (2'8)

tan—1,2]

where £ € (ty_1,1), satisfies (2.1) and (2.2).

Remark 2.1 Let i be the process defined in Example 2.1 or 2.2. Then, using [12] Propo-
sition 3.2.1 p158, we see that, for any localizing function ¢ € L :

E[S?(@(Xl))r < oo forall p > 1, T, k<d.



3 Alternative representation of conditional expectations

The starting point of this paper is an alternative representation of the regression function
r(z), introduced in (1.1), which does not involve conditioning. This is a restatement of a
result reported in [6] without proof, and further developed in [10] in the case where the
process X is defined as a correlated Brownian motion, see also [9] for the one-dimensional
case with f =1, and [12] Exercise 2.1.3 for ¢ = f = 1.

Theorem 3.1 Let f be a mapping from R into R with f(Xs) € L%, and {A;, i < d} a
family of Borel subsets of R. Then, for all h € H(X), and ¢ € L :

BIAX)f)] = [ B[H0)00)S" (o). @)

where Hy(y) = ngl ipicyiy, A= A1 x ... X Ay, and Sh = 5?1,...,61)-

The proof of the above Theorem will be provided at the end of this section. The repre-
sentation (3.1) can be understood formally as a consequence of d successive integrations by
parts, integrating up the Dirac measure to the Heaviside function H,. The main difficulty
is due to the fact that the random variable H,(X1) is not Malliavin-differentiable, see [12]
Remark 2 p31. We therefore adapt the argument of the proof of (1.2) in [12].

Remark 3.1 By the same argument (see Proposition 2.1.1 and Exercise 3.1 in [12], and
[9]), we also obtain an alternative representation of the density px, of X;. This is only a

re-writing of Theorem 3.1 with f=1:
pxi(2) = B |H(X)E [$"(o(Xi —2) | 7]
= F [Hm(Xl)SB (p(X1 — x))} where h := hljq

and the last equality follows from [12] Lemma 3.2.1. This means that, for the problem of
density estimation, we can consider processes in H(X) which vanish on the time interval
(1,2].

Since the distribution of X; has no atoms, we obtain the following family of represen-

tations of the regression function r(z), as a direct consequence of Theorem 3.1.

Corollary 3.1 Let g be a mapping from R? into R with g(Xs) € L. Then, for all h €
H(X) and p € L :

— _ o dlglx) — ,
@) = Blg(Xe) | Xo=a] = [ where alf)(@) = E[Q"[f)(@)] ,
and
Q"fll@) = Ho(X1)f(X2)S" (p(X1 — 1)) -



Remark 3.2 Variance reduction I : optimal localization. As in [9], [6] and [10], we intro-
duce a localizing function @ in L in order to catch the idea that the relevant information,
for the computation of r(x), is located in the neighborhood of x. The practical impor-
tance of this issue is highlighted in [10]. The problem of selecting an ”optimal” localizing
function will be considered in the next section. The one-dimensional case was discussed

heuristically by [9].

Remark 3.3 Variance reduction II : control variates. This is a direct extension of [9]
who dealt with the one-dimensional case with ¢ = 1. Under the conditions of Theorem
3.1, it follows from Lemma 2.1 (i) that

B |Ho(X)g(X2)S" (p(X1 — )| = B |(Hu(X1) = ) g(X2)S" (X1 — )] .

for all ¢ € R. This suggests to apply a control variate technique, i.e. choose ¢ in order to
reduce the variance of the Monte Carlo estimator of the expectation (if g is not identically

equal to 0). Clearly, the variance is minimized for
B [ H,(X1)g(X2)28" (p(X1 — )]

élx) =
E |g(X2)*S" (p(X1 — 2))’]

Remark 3.4 For later use, we observe that, by using repeatedly Lemma 2.1 (ii), the
Skorohod integral on the right-hand side of (3.1) can be developed in

d
S"(p(Xy =) = Y (-DF Y Orp(Xi —a)Shy(1). (3-2)

k=0 IeJ

Remark 3.5 Assume that
d 2
> ¥ B| (st )] < . (33
k=01eJ;

then it follows from the above Remark that Theorem 3.1 (and therefore Corollary 3.1)
holds for all ¢ € C°(RY) with ¢(0) = 1, 97 exists in the distribution sense and

zd: Z E {(ajgo(Xl — 1:))2] < .

k=01€J}

Remark 3.6 In Section 4.2, we shall need to extend further the class of localizing function

by only requiring that
dorp € LA (RY) forall k=0,...,dand I € Jj . (3.4)

We shall see in Proposition 4.1 that the set of functions satisfying (3.4) can be imbedded
in C°(R4), thus providing a sense to the constraint ¢(0) = 1.



Proof of Theorem 3.1 We shall prove the required representation result by using re-
peatedly an identity to be derived in the second part of this proof. Let us first introduce

the following additional notation
mi(x) == (0,...,0,z""L ... x?)* fori=0,...,d—1, and my(x) =0,
for z € R, and :

I = (i+1,...,d) € Jgy fori=0,...,d—1and I; := 0.

1. By a classical density argument, it is sufficient to prove the result for f smooth and
At = [a%, b'] with a® < b,
2. In preparation of the induction argument below, we start by proving that, for all
i=1,...,d,

E [14,(X])¢"(X1) F(X2)S7, (9 o mi( X1 — z))]

B /A E [HW(X )¢'(X1) f (XQ)SI L (pomi 1 (X1 — x))} dzt | (3.5)

for any ¢ € £, f and ¢ € C’l} with ¢'(x) independent of the i—th component .

To see this, define the r.v.
Xi o ,
Foi= [ 6o 00 [0S (o (X - o) do'
Since f, ¢' are smooth, A’ = [a’,b'] and SZ (pomi_1(Xy —x)) € DY2) F; is Malliavin-
differentiable. By direct computation, it follows that
DiF; = 14,(X7)¢'(X1)f(X2)S, (9o mi( X1 — 2)) Dy X
Xi . .
+ [ @D (S sSE e ma - o)} . (30

Now recall that the function ¢’ does not depend on its i—th variable. Then, it fol-
lows from (2.1) that [ Di{¢"(X1)}hidt = 0. Also, we know from Lemma 2.1 (i) that
Jo Di{ f(X2)}hidt = 0. Therefore, it follows from (3.6) that :

/T DFhidt = 14,(XD6'(X1) F(X2)SE (9o m(Xy — ) (3.7)

xi o .
+ / o' 4, (z)6 (X1) f(X2) / DyS} (pomi1(Xy — o)) hidt
T

—0o0

where we used the fact that [ D;X{hjdt =1 by (2.1). We now observe that :

E [/TDtFihgdt] = F [Fi/r(hi)*dwt} 2

— /A dx'E [Hxi(xf)w(xl)f(Xg)sﬁ («pom_l(Xl—:v))/O (hi)*th] :



where we used the Malliavin integration by parts formula. Then, taking expectations in
(3.7), we see that :

E [14,(X})¢'(X1) f(X2)SE (pomi(Xy — )]
— [ ' [ (0 106 {8h (po mia (X — ) [ iy
A; T
—/ Dy{S} (pomi1(X1 — x))}hidt}]
T

= [ @B [, (DS FS] (o0 maa(Xy o)

(3

3. We now use repeatedly identity (3.5). First notice that, by density, (3.5) holds also for
bounded ¢'(z). Set ¢%(z) := H?;ll 14,(2%). Since p(0) = 1, we see that :

B[La(X)f(X2)] = E[La(X0)f(X2)SF, (¢ 0 ma(X1 — )|

= [t [ (XD FS], | (0 maa (X - o)

We next concentrate on the integrand on the right hand-side of the last equation. We set
¢ (y) == Hya(y?) H?:_f 14,(y"), and we use again (3.5) to see that :

E14(X1)f(X2)]
- / dmd/ dz?'E [Hzm(Xf*1)¢d‘1(X1)f(Xz)S?d_2 (soom-z(Xl—x))] :
Aq Ag—1

Iterating this procedure, we obtain the representation result announced in the theorem.
O

Remark 3.7 Let the conditions of Theorem 3.1 hold. For later use, observe that, by

similar arguments,
B[Ha (XL (X)) = [ B [H0) 0] (o0 — )] da

where A7% = Ay x ... xA;_1 xAj;1 X ... xAg and dz™% = H#i dad .

4 Variance reduction by localization

Given a localizing function ¢ € £ (or ¢ in some convenient relaxation of £, see Remark
3.6), and h € H(X), the representation result of Corollary 3.1 suggests to estimate the

regression coefficient r(z) by the Monte Carlo estimator :

fule) = 2O where 1)) = >0 Q" (1)
k=1

10



and
QUe[f)@)® = H, (X{7) r (x§7) 8" (p(x(P ~ ) . (4.2)

Here, (X (k) h(k)) are independent copies with the same distribution as (X, h). By direct

computation, we have

Varlgalf)@)] = {B [H00) F(625" (o(X0 — )]~ alf)(@)?}

n

In this section, we consider the problem of minimizing the mean square error (mse, here-
after)

P = [ B [HCfPS (o - 2))] de
R4

within the class of localizing functions. This criterion has been introduced by [9] in the

one dimensional case with f = 1.

In order to ensure that this optimization problem is well-defined, we assume that :

d
ZZE[f(Xg)QS?a)? < oo and E|f(X2)| >0 (4.3)

k=01€J}

(see Remark 2.1 and Remark 3.6).

Notice that only the restriction of ¢ to R% is involved in I"[f](¢). We then consider
the set £ C L of functions of the form Ploa - On this set, the functional I"[f] is convex,
+

by linearity of the Skorohod integral.

4.1 Optimal Separable localization

We first consider the subset £ of localizing functions ¢ of £ of the form

and we study the integrated mse minimization problem within the class of such localizing

functions :

vilf] =il I"[f](p). (4.4)
pELS

Theorem 4.1 Let h € H(X) be fized, and f a mapping from R? into R satisfying Con-
dition (4.3). Then, there exists a unique solution ¢ to the integrated mse minimization

problem (4.4) given by :

olx) = e ze (R, for some 7/ € (0,00)¢.

11



Moreover, 1) is the unique solution of the system of non-linear equations

‘ E [f(X2)2 ( Z;(l)(_l)k Elej,;i Sﬁl(l)njej ﬁj>2:|
)" = 1<i<d, (45)

B [f(XQV (b (=18 S e e 8" iy (1) Hjefﬁjﬂ |

where jkfi ={leJ, : i¢l}.
Observe that (4.5) is a system of (deterministic) polynomial equations.

Remark 4.1 By (3.2), one can define the integrated mse minimization problem within
some convenient relaxation of the class £ of separable localizing functions. Since C’I? is
dense in L?, it is clear that the relaxation suggested in Remark 3.6 does not alter the value

of the minimum.

We split the proof of the above Theorem in several Lemmas. The conditions of Theorem
4.1 are implicitly assumed in the rest of this section. We shall use the following additional

notations :

H' = H H, and ¢ '(z) := H p;(x?) for p € L5 .
JF#i JF#i

Lemma 4.1 Let h be an arbitrary element in H(X). Then, for all ¢ € L7 :
S"(e(X1)) = @(XDS" (71 (X1)) = Gi(XDS ;) (7 (X)) -
Proof. By Lemma 2.1 (ii), we directly compute that :
St (p(X1) = St (@i(XDSE (97(X))

= St (@i(Xf)SZ,l (" (X1)) — (@) (X7)ST, (SO_i(Xl)))
= @i(XDS" (¢7(X1)) — (@) (X])S™ 5y (¢7(X1)) -

Remark 4.2 Let ¢ be an arbitrary separable localizing function in £%. Under (4.3), ¢
is in the effective domain of I"[f] (see Remark 3.4). Given a function ¢ : R, — R with
(0) = 0, define the mapping from R‘i into R :

dilp.¥)(@) = @)’ = ) ][ e .
J#i
Then, if 1 is C! and has compact support, we have ¢;[¢, ¢; +1] € L3 and, by (4.3), is in
the effective domain of I"[f].

12



Lemma 4.2 Let ¢ be an arbitrary smooth separable localizing function. For all integer
i < d, we denote by ¥;(p) the collection of all maps ¥ : Ry — R such that ¢;[p, ] €

L4 . Then, the minimization problem

min Ih[f](@‘[%w])

YeW;(p)
has a unique solution (y) := e 1Y for some 7' > 0 defined by
Jpaor B [H7 (X7 f(X2)2SM (07 (X1 — 2))?] da™

@) = o | .
s B [Hz (X7 (X228 (073X —))?] dr

(4.6)

Proof. 1. Assume that ¢; € U;(p) is optimal (since ¢;[p, 1] does not depend on the
i-th component ; of ¢, we can use this notation to indicate the optimum) and consider
some function ¢ : Ry — R with compact support and ¢(0) = 0 . By Remark 4.2,
dilp, i +ep] € L7 for all e € R. Then for all e

"fl(e) < IMflUeile, i +ev)) -

By Linearity of the Skorohod integral,

"fl(e) < I"fle) + 1" [fl(¢™ )
+ 2 /RdE [Ha:(Xl)f(XQ)?Sh ((X1 — 2)) S (™ p(Xy — x))} da .

For € > 0, we divide the above inequality by € and we let € go to 0. This implies that :
[ B[00 (28" (ol - ) 8" (¢ 0Xs — ) o > 0.

Applying the same argument with ¢ < 0, it follows that equality holds in the above

inequality. By Fubini’s theorem, this provides

/ E
Rd-1

2. Now, using Lemma 4.1, and performing the change of variable y = X! — 2% (w by w),

Xi ) . ‘
H (XY f(Xa)? / S (p(X1 —2)) S" (p7"p(X1 — ) d:c’] de™"=0. (4.7)

Xi 4 .
S" (p(X1 —2)) 8" (¢ (X1 — x)) da’

. —0o
X1
1

= /_ (@i X] —a")Fy — h(X] —2")Gs) ((X] — &) Fy — ¢/ (X — 2")Gy) da’
~ [T eWF - d0)G) ()F - v )6 dy.

where we used the notations F; := S" (cp*i(Xl — x)) and G; := Sﬁ(i) (Lp*i(Xl — :I:)) Recall
that ¢~ does not depend on the i—th component. Integrating by parts, and recalling that
1 has compact support and 1(0) = 0, this provides :

Xi . . o0
S" (p(X1 =) S" (7 p(Xy — ) da’ = /0 D) [eiw)F? = @} (y)Gi] dy -

—00

13



Plug this equality in (4.7) and use again Fubini’s theorem to see that :
0 = [0 st - Bl dy

where a; and (§; are the non-negative parameters defined by

;= /Rd_l E[H /(X7 f(X2)?F?]dz™" and B; = /}Rd_1 E[H Y (X[ f(X2)?G? da™" .

By the arbitrariness of the perturbation function ), this implies that ¢; satisfies the

ordinary differential equation

aii(y) — Bigi(y) = 0 forall y>0,

together with the boundary condition ¢;(0) = 1. We shall prove in the next step that
B; > 0. Recalling that ¢ has to be bounded, as an element of £ , this provides the unique

solution ¢;(y) = e~V where n' = (oui/Bi)2.

3. To see that 3; > 0, take an arbitrary 2’ € R, and use the trivial inequality H, ¢ >
Hx_il(Bn)d—ll(wi,OO) = Hzl(Bn)d* to get :

g > / B [H,(X0)F(X2)2G2) da "
(Bp)d—1
Here n is an arbitrary positive integer, and B,, := [—n,n]. By Jensen’s inequality, this

provides :

Bi

v

2
(2n)1_d {/(B yd—1 E[Hy(X1)|f(X2)|Gi] dw_z}

= )" B[ ()1, (TSR]}

where we used Remark 3.7 together with the definition of G;. Since this inequality holds

for all ' € R, we may send z° to —oo and use Fatou’s lemma to get :

. 2
B = @) {E 1 (T (X)]] |
Since E|f(X2)| > 0, this proves that 3; > 0 by choosing a sufficiently large n, .

4. Conversely, let ¢; be defined as in the statement of the Lemma. Then I"[f](p) <
I"[ (¢ (i + 1)) for all function v with compact support such that 1(0) = 0. Using
(4.3), we see by using classical density arguments that I"[f](v) < I"[f](¢ %) for all func-
tions v such that o~ € L5 O

The last lemma suggests to introduce the subset L& of £5 consisting of all separable

localizing functions
oy(z) = exp(—n*z), xeRL,
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for some 1 € (0,00)%. For ease of notation we set :

T = I(fley) and w'f] = inf, Mf). (48)

Lemma 4.3 Consider an arbitrary constant K > w"[f]. Then

cl ({7] € (0,00) : JM[f](n) < K}) is a compact subset of (0,00)%.

Proof. Fix K > w"[f], and let n € (0,00)¢ be such that J"[f](n) < K. We need to prove

that all #°’s are bounded and bounded away from zero.

Let 1 <4 < d be a fixed integer, and set ¢ := ;. By Lemma 4.1,

[ 028" (ol X1 — ) da
Xi

= [ e [

where we used the notations of the previous proof F; := S" (gp_i(Xl — ZE)) and G; :=
Sf(i) (Lp_i(Xl — a:)) Using the fact that (9p/dz) = —n'yp, it follows from a trivial change

of variable that

(pi(X] — 2)F, - GU(X] — 21)Gi) daida

y Hy (X1)f(X2)?S" (0(X1 — 2))° dae

- / Hy o (X79) f(X2)2(F 4 1 Gi)2da / " ily)dy
Rd—1 0

= @) || Ho i QG f (X (B Gy

We therefore have :
K > ) = [ P[HX0 (028" (o0~ )] da
= @) [ B[ (TP (F o+ G da
> @) [ B (T G e

where we use the notation B,, := [—n,n] for some arbitrary integer n. Observing that 1

> H, for all 2° € R, we obtain after integrating the variable z! over the domain B, :

K = @) [ B [HX0) S (X0 (P4 1G] do

By Jensen’s inequality, this provides :

2
mK > (zni)—lmn)—d{ E [Hy (X)) | f(X2)|(F; +1'Gy)] da:} . (4.9)

Bj
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We now use Theorem 3.1 and Remark 3.7 to see that :
| B CIR s = B [1sy(X0) (X

E[Hy(X1)|f(X2)|Gi] d

Bj

| B [t () DL

are both strictly positive for sufficiently large n. This provides the required bound for
(n")~1 and n® out of inequality (4.9). 0

Lemma 4.4 There exists a unique solution 1) € (0, oo)d to the optimization problem w of
(4.8), i.e.

wtlf] = MA@ = f)eq) < IM[f1(wn) forall n',...on® > 0 withn#1.

Proof. Observe that the mapping 1 — J"[f](n) is stricly convex and lower semicontinu-
ous. Then, existence and uniqueness of a solution 7 follow immediately from Lemma 4.3.
O

Proof of Theorem 4.1. Let (¢,) be a minimizing sequence of (4.4). Using repeatedly
Lemma 4.2, we can define a minimizing sequence (¢y,,) in L&, Then, existence of a
solution follows from Lemma 4.4. The uniqueness and the characterization of the optimal
solution follow from Lemma 4.2. The system of nonlinear equations (4.5) is obtained from
(4.6) by developing the Skorohod integral on the right hand-side and then performing the

integration as in the above proof, see Remark 3.4. 0

4.2 Variance reduction with general localization
We now consider the integrated mse minimization problem with the class of all localizing

functions. In contrast with the separable case, we cannot work directly with smooth

localizing functions.
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4.2.1 Existence

By Remark 3.4, after a change of variable inside the expectation (w by w), the objective

function can be written in

I"fllp) = E f(Xg)Q/X%.../X

—00 —0o0

2

d
S DRY T drp(Xy - 98" (1) | de
k=0

I1eJy

d

[

2

d
_ /RE Z " (&St (1) | | dg
=0

+ I1€Jy

- / [ “Qn)’] de.
_ / D¢ (€)* E[QnQ}]00()dE ,

where we have introduced the column vectors

¢ = (¢ )regq k=o,..a and Qn = <(_1)kf(X2)SL(1) )IeJk,k=0,--~7d '

Notice that the matrix

[ = E[QrQy]

is symmetric and non-negative. We shall assume later that it is indeed positive definite
(see Theorem 4.2 below).

The above discussion leads us to consider the following Bounded Cross Derivatives
Sobolev space. Consider the space BCDy(R%) of functions ¢ : R? — R such that all
partial derivatives Orp, I € Iy, k = 0, ..., d, exist and are continuous on the interior of Ri

and can be extended continuously to the boundary. Endow it with the inner product:
< QO,I/J >BCDg = /d 8@*8¢dm
R+

which is clearly positive definite. Then BCDO(Ri) is a pre-Hilbert space, and its completion
is a Hilbert space, which we denote by BCD(R‘i), and which is endowed with the scalar
product:

< U, >BCD::/ ou*Ovdx
i

1/2

and the corresponding norm ||ul/gey =< u,u >gep -

The main purpose of this section is to prove an existence result for the integrated mse
minimization problem when the localizing functions are relaxed to the space BCD(R{‘L). To

do this we need to incorporate the constraint ¢(0) = 1 which has to be satisfied by any

17



localizing function. Since the functions of BCD(R‘i) are only defined almost everywhere,

this requires some preparation.

Denote by C* (Ri) the space of all functions ¢ : Ri — R, indefinitely differentiable
on the interior of Ri, and such that all derivatives can be extended continuously to the
boundary. Denote by C§° (]Ri) the space of functions in C*° (Ri) which have bounded
support.

Lemma 4.5 (Localization) Take some ¢ € C§° (RL). If u € BCD(RY), then pu €
BCD(RY), and the map u — @u from BCD(RY) into itself is continuous.

Proof. Fix I = (i1, ...,ix) € Ij for some k = 0, ..., d. Since all the i; are different, Leibniz’s

formula takes a particularly simple form, namely:

8k

Or (pu) Oz, Oxir

(pu) = D (9n9)(Oru)

(I1,I2)eA

where A is the set of all partitions of I in disjoint subsets I; and I5. It follows from the
assumption on ¢ that the d7,¢ () are uniformly bounded on R%, so that:

191 (pu)ll L2 < Cr[[0u]l 2

for some constant Cj, and the result follows. O

Denote by C’l? (Ri) the space of all bounded continuous functions on R% , endowed with

the topology of uniform convergence.

Proposition 4.1 There is a linear continuous map % : BCD(Ri) — CP (Ri) such that
u=1i(u) almost everywhere. Moreover, lim|j,| o i(u)(x) = 0 for allu € BCD(RY).
Proof. 1. Pick some number M > 0, and a function ¢y € C§° (Ri) such that:

oyv () = 1 for ||z|]| < M/2
opm (z) = 0 for ||z|| > M.

For any u € BCD(RY), and » € RY set:
int (u) (2) = (~1)f / Hoy, (oaru)dy = (1) / (LarHa) 91, (paru) dy (4.10)

where 1p/(y) = 1if ||y|| < M and 0 if ||y|| > M. The right-hand side of this formula

clearly is a continuous function of x, so iy (u) is continuous. In addition, we have:

lin (w) () —im(v)(@)] < lonr(u—v)llgep 11ar Hall 2

< Cullu— ”HBCD HlMHzHL2
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for some constant Cs, according to the localization lemma. If v converges to u in BCD(R‘i),

then ips (v) converges uniformly to iy (u).

We next rewrite the right-hand side of (4.10) :

0% (¢nru)
+Rd 8y 8y

i () () = (~1) / O onru) 5,

For v e C* (Ri), we can apply Stokes’ formula:

0 [0 1 (o) ! (opv)
o e [ e
in (v) (%) (1) /gc+Rd+ oyl [ Oy2...0yl ] Yy (=1) r-14RIL Oy?...0yd Y

which corresponds, in this context, to the partial integration with respect to the y! variable.

Iterating this argument, we see that :
iv@)(z) = (pav) (z) forall xeRL.

If u € BCD(R? ), we can find a sequence v, € C* (R%) converging to u in BCD(RZ ). Then
in (vp) converges to iy (u) uniformly and therefore iys (v,) — ip (u) in L2, On the
other hand, it follows from Lemma 4.5 that ¢ysv, converges to pau in BCD(Ri). We can
then identify the limits and conclude that :

inv (u) = ppu almost everywhere, for all u € BCD(RZ) .

But ¢aru = u on the set ||z|| < M/2. It follows that ips(u) = u on the set ||z| < M/2.
Since ipr(u) = ipp(u) almost everywhere on the set ||z]] < M A M'/2, we can define the

function ¢ by a classical localization argument :
i(u)(x) = ipy(u)(x) with M := 2|z .
2. We next prove that

lim d(u)(z) = 0 forall u € BCD(RYL). (4.11)

|z|—o0

To see this, observe that for all u € BCD(Ri) and x € g + Ri :

i(w)(@)? = i(u)a / Hay () Hy ()01, (u2) () (4.12)

where [ Hy,(y)Hy(z)0r,(u?)(y)dy is well-defined as a sum of L?—scalar products of ele-
ments of L2. Then

liminf  i(u)(z)? = limsup  i(u)(z)? = i(u)(xo)? — (—1)‘1/Hx081d(u2)dy < 00,
a:El‘o-i-R‘i wGCCo-f—Ri

and (4.11) follows from the fact that u € L*(R,).
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3. Using again (4.12), we directly estimate that :

d
i(w)(z0)? = i(w)(@)?+ (-1 > /Hz(y)Hy(wo)GIU(y)afu(y)dy

k=01eJy
d
< i(w)(@)?+ D> 10rull 2 19rull
k=01eJ}

< z(u)(m)z + CdHu”%CD )

where Cy is a constant which only depends on d. By sending |z| to infinity and using
(4.11), this provides |i(u)(zo)| < CyllullZep. Since i(u —v) = i(u) —i(v), this shows that :

sup i(u)(zo) — i(v)(zo)| < Callu —vlleep ,
onRi

for all u, v € BCD(RZ). Hence, i is a linear 1 continuous map. O

Although the functions of the space BCD(Ri) are defined almost everywhere, the eval-
uation function is well defined from the previous proposition by u(x) := i(u)(z) for all
T € ]R‘i. We can then consider the following relaxation of the integrated mse minimization

problem :

W] = inf I"[f](p) where LB .= {cpEBCD(]Ri) : ¢(0):1} . (4.13)

Observe that I"[f](y) is well-defined by (3.2) and (4.3). We are now ready for the main

result of this section.

Theorem 4.2 Let h € H(X) be fired, f a mapping from R? into R satisfying Condition
(4.3) and such that T'y, is positive definite. Then, there exists a unique solution ¢ to the

integrated mse minimization problem (4.13).

Proof. Clearly, I"[f] is strictly convex and continuous on BCD(RZ). Since I'j, is positive

definite, it is also coercive for the norm || - ||gcp. Identifying w with its continuous version

ZBCD

i(u), it follows from Proposition 4.1 that the set is closed. Hence, the existence result

follows by classical arguments. O

4.2.2 PDE characterization

We continue our discussion by concentrating on the two dimensional case d = 2. Set

a = E[f(X2)?], b:=EF [f(X2)2 (Sh(l))z]
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and introduce the vector and the symmetric non-negative matrix

S5L<1) 2 qh 2 *
Q= (W) L2 prRes Q] L ¢ = BIAR)2QQ7.
Sr(1)

Observing that E[f(X3)2S"(1)] = E[f(X2)2S(1)] = 0, it follows that the objective func-

tion can be written in

"fl(p) = /R (b<p2 — 02"V + Ve gV + acp%z) dz . (4.14)

2
+

Combining standard techniques of calculus of variation with Theorem 4.2, the above

representation leads to the following characterization of the optimal localizing function.

Theorem 4.3 Let d = 2. Then, the exists a unique continuous function in V' satisfying
©(0) =1 and

bp — Tr[gD*¢] + aprizs = 0 on RY, (4.15)
—c'o+q"%p1 + ¢y —auprz on Ry x {0}, (4.16)
0+ q"%pa+ ¢ 01 —au on {0} xRy . (4.17)

This function is the unique solution to the integrated mse minimization problem (4.13).

Remark 4.3 In general, no separable localizing function is optimal for the problem of
integrated mse minimization within the class LZP of all localizing functions. We shall
verify this claim in the two-dimensional case. Clearly it is sufficient to prove that the
exponential localizing function ¢y is not optimal for the problem vP. Indeed, it follows

from (4.5) that (z,y) := 7 is characterized by :

0 = b+2yc' +1yP¢" — az?y® — ¢*22?

0 = b+2zc®+2%2¢*2 — ax®y? — ¢My? .
Suppose to the contrary that the ¢ solves the problem v". Then, it follows from (4.15)-
(4.16)-(4.17) that (z,y) has to satisfy the additional requirements :

0 = —c'— q12m — qlly + aa;2y
0 = ——q%y—¢**z+ axy?
0 = b—¢®22® — ¢"y? — 2¢222y + ax?y? .

One then easily checks that, except for the special case ¢'? = 0, the above system has no

solution.
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5 Numerical experiments

In this section, we consider the process X defined by the dynamics :
dX; = diag[X¢]odW; , Xg=Xg=X3=1.

where
0.2 0 0

c=1 008 04 0
0.03 —0.15 0.32

The assumptions of Section 2 are satisfied when considering the logarithm of X.

Our aim is to estimate the density function px, of X; and the regression function :

Xl +X2 +
m)ZNME(222—@ | X1 =2 (5.1)
on a grid of points x = (z', 22, 23). By direct computation, we see that
STixT 0 0
_ 2,1
(DtXQ) ! = _011(;22)(11 0221X12 0 s
021532 _ 522531 _ 32 1
011622533 X1 02533X2  o3BX3

so that, with h := (D;X5)™? (1) — 1[172)), all Skorohod integrals Sf;l (ps(X1 — ) are
computed explicitly.

We first estimate the optimal separable localizing function. The computation of the
optimal coefficients 7/’ requires to solve numerically the system of non-linear equations
(4.5); this turns out to be feasible by a simple iterative procedure, and is by no means
time-consuming. Next, for each point x of our grid, we estimate the control variate function
¢(x) of Remark 3.3. The estimation of 7 and ¢ is based on 100, 000 simulated paths.

The simulated paths of X and W are obtained by a very standard random numbers
generator. In order to isolate the performance of the variance reduction technique studied

in this paper, we do not introduce any other variance reduction method.

5.1. Density estimation. We start by estimating the density function px, of X; at
different points x = (x',2%,23). Each estimation is based on 20,000 simulations of Xj.
We provide the empirical mean and standard deviation (in brackets) of 1,000 different

estimators.

The density estimators are computed by using Remark 3.1, i.e. we replace h by h =

ithSl in the representation of Corollary 3.1.
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The first results concerning the density estimation suggest that the most important part
of the variance reduction is obtained by the localizing procedure. The introduction of the
function ¢(x) does not significantly improve the variance. This may be explained by the
fact that the estimation of ¢(x) is rather difficult since it involves the Heaviside function
H,.

Density estimation

Reduction by ¢ : optimal localization,

Reduction by ¢ : control variate,

z' =0.7
z3\2? 0.7 1.0 1.3
True value 1.08 0.93 0.45
Reduction by ¢, ¢ | 1.09[0.11] | 0.94[0.08] | 0.45[0.03]
0.7 Reduction by ¢ | 1.09[0.16] | 0.94[0.09] | 0.45[0.04]
] ]
] ]

Reduction by ¢ | 1.07[0.23] | 0.93[0.24] | 0.46[0.25
No Reduction 1.07[0.26] | 0.93[0.26] | 0.47[0.28
True value 1.13 0.62 0.21
Reduction by ¢, c | 1.13[0.08] | 0.62[0.04] | 0.21[0.02]
1.0 | Reduction by ¢ | 1.14[0.09] | 0.62[0.04] | 0.21[0.02]
Reduction by ¢ | 1.11[0.26] | 0.61[0.26] | 0.21[0.27]
No Reduction 1.12[0.29] | 0.61[0.29] | 0.22[0.31]
True value 0.53 0.21 0.05

Reduction by ¢, ¢ | 0.53[0.04] | 0.21[0.02] | 0.05[0.01]

1.3 | Reduction by ¢ | 0.53[0.04] | 0.21[0.02] | 0.05[0.01]
Reduction by ¢ | 0.51[0.26] | 0.19]0.25] | 0.06[0.26]

No Reduction | 0.51[0.29] | 0.20[0.29] | 0.06[0.31]

' =1.0
z3\2? 0.7 1.0 1.3
True value 1.78 2.44 1.65
Reduction by ¢, ¢ | 1.80[0.10] | 2.44[0.07] | 1.65[0.04

Reduction by ¢ | 1.78[0.26] | 2.45[0.26] | 1.67[0.27
No Reduction 1.79[0.30] | 2.45[0.31] | 1.68[0.32
True value 2.72 2.33 1.12
Reduction by ¢, c | 2.73(0.07] | 2.34[0.04] | 1.12[0.02]
1.0 | Reduction by ¢ | 2.73[0.08] | 2.34[0.04] | 1.12[0.02]
Reduction by ¢ | 2.73[0.27] | 2.35[0.27] | 1.15[0.29]
No Reduction | 2.74[0.34] | 2.36[0.35] | 1.16[0.37]
True value 1.68 1.02 0.38

] ]
0.7 | Reduction by ¢ | 1.80[0.11] | 2.44[0.08] | 1.65[0.04]
] ]
] ]

Reduction by ¢, c | 1.69[0.03] | 1.02][0.01] | 0.38[0.01]

1.3 Reduction by ¢ | 1.69[0.03] | 1.02[0.01] | 0.38[0.01]
Reduction by ¢ | 1.69[0.27] | 1.05[0.27] | 0.41[0.28]

No Reduction 1.70[0.35] | 1.06[0.37] | 0.43[0.39]
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2t =13

z3\2? 0.7 1.0 1.3

True value 0.29 0.56 0.48
Reduction by ¢, ¢ | 0.29[0.03] | 0.56[0.02] | 0.48[0.01]
0.7 | Reduction by ¢ | 0.30[0.03] | 0.56[0.02] | 0.48[0.01]
Reduction by ¢ | 0.28[0.30] | 0.56[0.31] | 0.50[0.30]
No Reduction | 0.30[0.41] | 0.57[0.43] | 0.51[0.44]

True value 0.59 0.70 0.43
Reduction by ¢, c | 0.59[0.02] | 0.70[0.01] | 0.43[0.01]
1.0 Reduction by ¢ | 0.59[0.02] | 0.70[0.01] | 0.45[0.27]
Reduction by ¢ | 0.58[0.31] | 0.70[0.29] | 0.45[0.29]
No Reduction 0.60[0.47] | 0.72[0.48] | 0.47[0.49]

True value 0.44 0.38 0.18
Reduction by ¢, ¢ | 0.44[0.01] | 0.38[0.00] | 0.18]0.00]
1.3 | Reduction by ¢ | 0.44[0.01] | 0.38[0.00] | 0.18[0.00]
Reduction by ¢ | 0.44[0.30] | 0.38[0.28] | 0.19[0.27]
No Reduction 0.45[0.48] | 0.40[0.49] | 0.22[0.51]

5.2. Regression function estimation. We next turn to the estimation of the regression

function (5.1). Each estimation is based on 50,000 simulations. We provide the empirical

mean and standard deviation (in brackets) of 1,000 different estimators.

In view of the poor performance of the control variate technique (which involves the
time-consuming computation of é(z)), we concentrate on the use of the optimal localiz-
ing function. The results reported below prove the efficiency of this variance reduction

technique, as the variance is significantly improved when the optimal localizing function

is incorporated.

Regression function estimation

Reduction by ¢ : optimal localization,

' =09
23\ z? 0.9 1.0 1.1
True value 17.26 20.56 24.05
0.9 | Reduction by ¢ | 17.28[1.12] | 20.49[1.19] | 24.06[1.17]
No Reduction | 16.88[5.01] | 20.62[7.14] | 25.04[11.52]
True value 13.70 16.59 19.61
1.0 | Reduction by ¢ | 13.72[0.82] | 16.59[0.92] | 19.73[1.00]
No Reduction | 12.97[6.20] 16.08[10.41] | 21.35[25.48]
True value 10.88 13.39 16.11
1.1 | Reduction by ¢ | 10.94][0.85] | 13.48[0.90] | 16.32[1.05]
No Reduction | 10.58[17.54] | 13.81[28.01] | 13.19[166.22]
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2t =1.0

23\ z? 0.9 1.0 1.1
True value 20.08 23.58 27.24
0.9 | Reduction by ¢ | 19.93[1.01] | 23.40[1.06] | 27.08[1.16]
No Reduction | 20.59[8.80] | 23.94[32.24] | 30.95[63.28]
True value 16.08 19.18 22.47
1.0 | Reduction by ¢ | 15.94[0.85] | 19.00[0.92]] | 22.27[0.95]
No Reduction | 16.04[11.48] | 20.25[32.05] | 23.48[68.62]
True value 12.87 15.58 18.50
1.1 Reduction by ¢ | 12.77[0.76] | 15.57[0.85] | 18.50[0.96]
No Reduction | 11.26[55.83] | 14.11[30.39] | 25.46[325.15]
z' =11
23\ z? 0.9 1.0 1.1
True value 23.13 26.81 30.64
0.9 Reduction by ¢ | 23.12[1.08] | 26.68[1.10] | 30.58[1.24]
No Reduction | 24.64[28.23] | 27.94[33.39] | 30.20[116.46]
True value 18.69 21.98 25.45
1.0 Reduction by ¢ | 18.63[0.94] | 21.95[0.91] | 25.47[1.01]
No Reduction | 19.54[26.10] | 23.63[34.24] 27.82[110.05]
True value 15.07 17.99 21.10
1.1 Reduction by ¢ | 15.04[0.83] | 17.96[0.78] 21.17[0.96]
No Reduction | 13.98[30.29] | 22.43[623.93] | 17.37[180.44]

6 Optimal portfolio selection and option pricing

The representation of the conditional expectation presented in this paper has already
The algorithm

developed to estimate the early exercise value is based on the dynamic programming

proved to be powerful for the pricing of American options (see [10]).

equation which leads to a backward induction algorithm that requires the computation of

a conditional expectation at each step (see also [1], [5] and [11] for similar approaches).

Following [3], we propose to use the same approach to solve stochastic control problems

written in a standard form.

6.1. Problem formulation. Consider the following simple optimal portfolio selection
problem. The financial market consists in a non-risky asset, with price process normalized
to unity, and two risky assets, one of which is non-tradable. We focus on the problem of
valuation of a contingent claim, with payoff G = g(X7) written on the non-tradable asset
X. We are then in an incomplete market framework, where G can be partially hedged by

trading on the (tradable) risky asset Z whose price process is correlated to X.
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More precisely, we assume that the dynamics of the pair process (X, Z) is given by

X, = X;(p'dt+o'taw})
dZy = Zy (p*dt + o' dW}! + o*dW?) |

where W is a standard Brownian motion in R?, and u', 2, o' > 0, 022 > 0, 02! are

some given constants.

An admissible strategy is a U-valued predictable process (U is some compact subset of
R). We denote by U the set of such processes. Given a strategy v € U, the corresponding
wealth process Y is defined by

¢ t
Y/ = Y, +/ v (Z,) Yz, = Y, +/ v [pldr + o dw ! + o?2dW?] .
0 0

Since the contingent claim can not be perfectly hedged, we consider the valuation rule
induced by the utility indifference principle. Further simplification of the problem is
obtained by assuming an exponential utility function with risk aversion parameter a > 0.
In the presence of the liability G, the agent solves the following utility maximization
problem

v9(0,2,y) = sup E [—e‘“(YTU_g(XT)) (Xo,Y0) = (z,y)] .
ve

where T > 0 is a given time horizon. Observe that the above value function does not
depend on the state variable Z. The comparison to the maximal expected utility v°, in

the absence of any liability, leads to the so-called utility indifference valuation rule (see
e.g. [8]):

p(G,z,y) := inf {71' ER : vG(O,x,y +7) > ’L}O(O,l‘,y)} .
Observing that
090, 2,y) = e W9(0,z,0), (6.1)
we see that

1 'U)G(O,.T) G G
p(G,z,y) = p(G,x) = 5111 <w0x> where w“(0,z) := v~ (0,2,0) .

Hence, the computation of the valuation rule p is reduced to the computation of the value

functions w® (0, ) and w°(0, z).

Changing the time origin, one defines accordingly the dynamic version of the problem

G

and the induced value functions v%(t,z,%) and w®(t,z). The value function v satisfies

the dynamic programming principle

/UG(t)I7y) = eSSSllB E [UG (t+ AaXt+A7}/tIf|»A) ‘ (Xt7}/t) = (xvy)] )
ve
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for any time step A > 0. In view of (6.1), this translates to w® in :
wY(t,z) = esssup E [e_aYtiAwG (t+ A, Xern) | (X, Y2) = (2,0)] . (6.2)
veld

Hence, in the context of the particular model studied in this section, the number of state
variables is reduced to one, which considerably simplifies the computations. The reason
for considering such simplifications is that we are mainly concerned by the dynamic appli-

cation of the conditional expectation estimation presented in the first sections of this paper.

6.2. The case G = 0. When there is no contingent claim to be delivered, the value
function v° does not depend on the state variable X. It follows from (6.2) that the op-
timal control process is constant in time. The Monte Carlo estimation procedure is then

considerably simplified, as it is sufficient to perform it on a single time step.

6.3. Discretization in time for vC. Set t;, == n kT, n € Nand k = 0,...,n so that
the time step is A = n~'T. By restricting the control process to be constant on [ty, tx41),

the dynamic programming principle suggests the following (backward) approximation of

w
@ (tn, Xy,) = —e0Cen) (6.3)
09 (th, Xpy) = esssup B eI = 0 ZnC (0, X, ) ’th] s k<n.
velU

We now can appeal to the conditional expectation representation studied in this paper.
By a trivial adaptation of Corollary 3.1 to the case where the time intervals [0, 1] and [1, 2]
are replaced by [0, ;] and [tx, tg4+1] (see (3.5)), it is easily checked that, for each v € U,

tk+1ath+1) Xy = .T:|

E [1{th >m}e—aV(Ztk+l ~Zy,.)/ 2, wC (tk+17 th-H) Sk}

E [1{th >ac}Sk:|

tk+1
where Sy, := / <p(Xt2k — 2?)hpdW?, o(x) = ™™ and
0

hy, = (0-22th)71 [(tk)ill[oik) — (g1 — tk)il]‘[ththrl]] :
We then use a backward induction procedure to compute the value function.

6.4. Monte Carlo approximation. We start by simulating N paths, X, of the process

X. Given the value function for k = n (iet, =1T),
3 _al0— (@)
@, X)) = —e (0708
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we use the other simulated paths, X7, j # i, in order to build the Monte Carlo approx-
imation of (6.4) at the point (tn_l,Xt(fL)_ ). The optimization over the parameter v is
achieved by a simple Newton-Raphson algorithm. Iterating this procedure backward, we

can estimate, for each k and 7, w(tx, Xt(z)) together with the corresponding optimal control
D(ty, X\).

6.5. Numerical experiments. We consider the contingent claim defined by the payoff
function g(z) = 5* min{ K, z}. We fix (Xg, Zo) = (1,1), (¢!, u?) = (0.1,0.1), o' = 0.15,
U =10,40], T = 1, n = 10, and we perform the computations for different values of K,
o'2, 622 and a. Each estimation of the value functions v®, and the induced price p©, is
based on 8192 simulated paths. For each experiment, we compute 200 estimators. The
average and the standard deviation in percentage of the average (in brackets) are collected

in the following table.

K=12 ¢*=01, 6 =0.1

pG UG
a=0.25|520 [0.46%] | —2.94 [0.55%)
a=1 5.26 [1.54%] | —154.04 [14.36%)

K =12, 021 =005, 022 =0.2

pG UG

a=025]526 [0.50%] | —2.98 [0.56%]
a=1 |540 [0.31%] | —177.91 [1.66%]

K =00, 02 =0.05, 0> =0.2

pG UG

a=0.25|559 [0.52%] | —3.23 [0.61%)]
a=1 6.29 [1.30%] | —433.25 [8.91%]
K =00, 02 =0.15, 22 = 0.005

pG e
a=0.25| 5.09 [0.22%] | —2.85 [0.39%)

As expected, the price is increasing with the risk aversion parameter ¢ and with K. It
is decreasing with the "relative correlation” between X and Z. For K = oco, G = 5% Xp
which is close to 5 * Zr (in distribution) when the volatility coefficients are such that o't
= 0% >> 0?2, Then, for a low risk aversion parameter, we should obtain a price of order
of 5% Zy = 5. In the above table, the result is indeed close to 5 for a = 0.25.
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