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Abstract

Let (W, u, H) be an abstract Wiener space and assume that Y is a signal of the form Y = X + w, where
X is an H-valued random variable, w is the generic element of W. Under the hypothesis of independence
of w and X, we show that the quadratic estimate of X, denoted by X (Y) = E[X]|Y], is of the form VF (Y),
where F is an H-convex function on W. We prove also some relations between the quadratic estimate error
and the Wasserstein distance between some natural probabilities induced by the shift /; + VF and the
conditional law of ¥ given X.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

This paper is devoted to the problem of estimation of an additive Gaussian channel in the
framework of an infinite dimensional Fréchet space as proposed in a recent work of Zakai [14]
(although in [14], the general setting is a Banach space, everything goes through for a separable
Fréchet space) and its relations to the Monge—Kantorovitch measure transportation problem. Let
W be a separable Fréchet space. We assume that W supports a Gaussian measure p with a
Cameron—Martin space, denoted by H. Assume that X is an H-valued random variable defined
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on an arbitrary probability space rich enough in such a way that one has also a W-valued random
variable J whose law is equal to ©. Under the assumption of the independence of X and J, one
wants to calculate the quadratic estimate of X with respect to the observation Y defined as

Y=X+J.
Assuming
Elexpe|X|y] < o0,

for some ¢ > 0, we prove that the Radon—Nikodym density of the law of ¥, denoted by uy, is of
the form exp F, where F is an H-analytic Wiener functional on W, besides which it is H-convex
(cf. [3]) and the quadratic estimate of X w.r.t. Y, i.e., E[X|Y] can be expressed as V F (Y), where
V denotes the Sobolev derivative on the abstract Wiener space (W, u, H). Let us recall that the
solutions of the Monge—Kantorovitch problem on the Wiener space (with respect to the singular
Cameron—Martin distance) are the images of the initial measures under the maps of the form
(Iw x VK), where K is a 1-convex Wiener functional (cf. [4-6]). Since H-convexity implies
1-convexity (cf. [3]), it is clear that the estimation problem is related to the Monge—Kantorovitch
problem for some measures. In this paper we expose these measures and also give some further
estimation results which correspond to the situation in which the signal process originates from
a space on which a stochastic analysis in the sense of the Malliavin calculus exists.

2. Preliminaries and notation

Let W be a separable Fréchet space equipped with a Gaussian measure u of zero mean
whose support is the whole space. The corresponding Cameron—Martin space is denoted by
H. Recall that the injection H < W is compact and its adjoint is the natural injection
W* < H* c L%(u). The triple (W, u, H) is called an abstract Wiener space. Recall that
W = H if and only if W is finite dimensional. A subspace F of H is called regular if the
corresponding orthogonal projection has a continuous extension to W, denoted again by the same
letter. It is well known that there exists an increasing sequence of regular subspaces (F;,,n > 1),
called total, such that U, F;, is dense in H and in W. Let o (7 Fn)l be the o-algebra generated by
7r,; then for any f € LP(u), the martingale sequence (E[f|o (wf,)], n > 1) converges to f
(strongly if p < o0) in L? (). Observe that the function f, = E[ f|o (f,)] can be identified
with a function on the finite dimensional abstract Wiener space (F},, iy, Fy,), where p, = m, .

Since the translations of u with the elements of H induce measures equivalent to u, the
Gateaux derivative in the H direction of the random variables is a closable operator on L” (u)-
spaces and this closure will be denoted by V; cf., for example, [2,11,12]. The corresponding
Sobolev spaces (the equivalence classes) of the real random variables will be denoted as D, x,
where k € N is the order of differentiability and p > 1 is the order of integrability. If the random
variables have values in some separable Hilbert space, say &, then we shall define similarly
the corresponding Sobolev spaces and they are denoted as D, x(®), p > 1,k € N. Since
V :Dpx — Dpx—1(H) is a continuous and linear operator its adjoint is a well-defined operator
which we represent by §. In the case of classical Wiener space, i.e., when W = C(R_, ]Rd), then
d coincides with the Itd integral of the Lebesgue density of the adapted elements of I, x (H)
(cf. [11,12]).

! For notational simplicity, in the sequel we shall denote it by 7.
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For any ¢ > 0 and measurable f : W — R, we define
Pw = [ fE s VI= e T,
w

and it is well known that (P;,r € R,) is a hypercontractive semigroup on L”(u), p > 1,
which is called the Ornstein—Uhlenbeck semigroup (cf. [2,8,11,12]). Its infinitesimal generator
is denoted by — £ and we call £ the Ornstein—Uhlenbeck operator (sometimes called the number
operator by physicists). The norms defined by

Bl pk = 1T+ L2l L) @.1)

are equivalent to the norms defined by the iterates of the Sobolev derivative V. This observation
permits us to identify the duals of the space D, (®); p > 1,k € N by D, _(®'), with
g ' = 1 — p~!, where the latter space is defined by replacing k in (2.1) by —k; this gives
us the distribution spaces on the Wiener space W (in fact we can take as k any real number).
An easy calculation shows that, formally, § o V = L, and this permits us to extend the
divergence and the derivative operators to the distributions as linear, continuous operators. In
fact§ : Dy (H @ @) — Dy k—1(P) and V : Dy 1 ($) — Dy x—1(H @ P) continuously, for any
g > land k € R, where H ® ¢ denotes the completed Hilbert—Schmidt tensor product (cf., for
instance, [11,12]).

Let us recall some facts from convex analysis. Let K be a Hilbert space; a subset S of
K x K is called cyclically monotone if any finite subset {(x, y1), ..., (xn, yn)} of § satisfies
the following algebraic condition:

(yi,x2 —x1) + {y2, x3 —x2) + - +{yn-1, Xy —xn-1) + (YN, X1 —xn) <0,

where (-, -) denotes the inner product of K. It turns out that S is cyclically monotone if and only
if

N
Z(yi, Xo (i) — Xi) =0,

i=1

for any permutation ¢ of {1, ..., N} and for any finite subset {(x;, y;) :i = 1, ..., N} of S. Note
that S is cyclically monotone if and only if any translate of it is cyclically monotone. By a theorem
of Rockafellar, any cyclically monotone set is contained in the graph of the subdifferential of a
convex function in the sense of convex analysis [9] and even if the function may not be unique
its subdifferential is unique.

Let now (W, i, H) be an abstract Wiener space; a measurable function f : W — R U {oo} is
called 1-convex if the map

1
h— f(x+h)+ 5|h|%, = F(x,h)

is convex on the Cameron—Martin space H with values in L%u). Note that this notion is
compatible with the p-equivalence classes of random variables thanks to the Cameron—Martin
theorem. It is proven in [4] that this definition is equivalent to the following condition: Let
(m,,n > 1) be a sequence of regular, finite dimensional, orthogonal projections of H,
increasing to the identity map /g. Denote also by i, its continuous extension to W and define
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ytnL = Iy — m,.Forx € W, let x,, = m,x and )cnl = nan. Then f is 1-convex if and only if
1
o = 5Pl + f o+ x7)

is 7 u-almost surely convex.

2.1. Preliminaries concerning the Monge—Kantorovitch measure transportation problem

Definition 1. Let £ and 1 be two probabilities on (W, B(W)). We say that a probability y on
(W x W,B(W x W)) is a solution of the Monge—Kantorovitch problem associated with the
couple (&, n) if the first marginal of y is &, the second one is n and if

J(y)zf |x—y|%,dy(x,y>=inf{f Ix — y5dB(x, y) : B € T, n)},
WxW WxW

where Y/ (&, n) denotes the set of all the probability measures on W x W whose first and second
marginals are respectively £ and 7. We shall denote the Wasserstein distance between £ and 7,
which is the positive square root of this infimum, as dg (€, n).

Remark: By the weak compactness of probability measures on W x W and the lower semi-
continuity of the strictly convex cost function, the infimum in the definition is attained even if
the functional J is identically infinity. In this latter case we say that the solution is degenerate.

The next result, which is an extension (cf. [4—6]) of the finite dimensional version due to
Talagrand [10], gives a sufficient condition for the finiteness of the Wasserstein distance in
the case where one of the measures is the Wiener measure p and the second one is absolutely
continuous with respect to it. We give a short proof for the sake of completeness:

Theorem 1. Ler L € LlogL(u) be a positive random variable with E[L] = 1> and let v be the
measure dv = Ldu. We then have

d2, (v, u) < 2E[LlogL]. (2.2)

Proof. Let us remark first that we can take W as the classical Wiener space W = Cy([0, 1])
and, using the stopping techniques of the martingale theory, we may assume that L is upper and
lower bounded almost surely. Then a classical result of the It6 calculus implies that L can be
represented as an exponential martingale

t 1 t
L,:exp{—/ drdWT——/ |ur|2dr},
0 2 Jo

with L = Lj, where (i#;,t € [0, 1]) is a measurable process adapted to the filtration of
the canonical Wiener process (t,x) — W;(x) = x(¢). Let us define u : W — H as
u(t,x) = fot tr(x)drand U : W — W as U(x) = x + u(x). The Girsanov theorem implies
that x — U (x) is a Brownian motion under v; hence the image of the measure v under the map
UxIy: W — W x Wdenoted by 8 = (U x I)v belongs to X' (i, v). Let y be any optimal

21n the sequel we denote the expectation w.r.t. the Wiener measure by E.
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measure; then

J) = &4, ) s/ I — ydB(x. y)
WxW

= E[|ul3L]
= 2E[Llog L],

where the last equality follows also from the Girsanov theorem and the It6 stochastic
calculus. O

The next two theorems which explain the existence and several properties of the solutions of the
Monge—Kantorovitch problem and the transport maps have been proven in [1,5-7].

Theorem 2 (General Case). Suppose that p and v are two probability measures on W such that

du(p,v) < oo.

Let (y,n > 1) be a total increasing sequence of regular projections (of H, converging to the
identity map of H ). Suppose that, for any n > 1, the regular conditional probabilities ,0(~|JT,f‘ =
x1) vanish n,f- p-almost surely on the subsets of (ﬂrf-)_1 (W) with Hausdorff dimension n — 1.
Then there exists a unique solution of the Monge—Kantorovitch problem, denoted by y € X'(p, v)
and y is supported by the graph of a Borel map T which is the solution of the Monge problem.
T:W — Wisofthe form T = Iw + &, where & € H almost surely. Besides we have

4% (p,v) = fw . 1T (x) — x|3dy (x, y)

= / IT(x) — x[3dp(x),
w

and for nnl,o—almost almost all an, the map u — & + an) is cyclically monotone on

(m;5) "M x;1 ), in the sense that
N
Z (S(an +ui), w1 — ui)H <0
i=1

nan-almost surely, for any cyclic sequence {u1,...,un,un+1 = u1} from w,(W). Finally,
if, for any n > 1, n,llv—almost surely, U('|7TnL = y1) also vanishes on the n — 1-Hausdorff
dimensional subsets of (n,f‘)_l(W), then T is invertible, i.e., there exists S : W — W of the
form S = Iw + n such that n € H satisfies a similar cyclic monotonicity property to & and that

l=y{x,y) e WxW:ToS®») =y}
=y {x,y) e WxW:SoT(x)=x}.

In particular we have

&, (p,v) = /W 1S0) = ylhdy . )

- / 1S — yBdv(y).
w
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Remark 1. In particular, for all the measures p which are absolutely continuous with respect
to the Wiener measure u, the second hypothesis is satisfied, i.e., the measure p(~|7r,f- = x,f-)
vanishes on the sets of Hausdorff dimension n — 1.

The case where one of the measures is the Wiener measure and the other is absolutely continuous
with respect to u is the most important one for the applications. Consequently we give the related
results separately in the following theorem where the tools of the Malliavin calculus give more
information about the maps & and n of Theorem 2:

Theorem 3 (Gaussian Case). Let v be the measure dv = Ldu, where L is a positive random
variable, with E[L] = 1. Assume that dg(u, v) < oo (for instance L € LloglL). Then there
exists a I-convex function ¢ € Dy 1, unique up to a constant, such that the map T = Iw + V¢
is the unique solution of the original problem of Monge. Moreover, its graph supports the unique
solution of the Monge—Kantorovitch problem y. Consequently

(Uw x T)u =y.

In particular T maps p to v and T is almost surely invertible, i.e., there exists some T such
that T~Yv = w and that

1 = pix: 7! oT(x) =x}
=vyeW:ToT '(y)=y}.

Remark 2. Assume that the operator V is closable with respect to v; then we have n = V. In
particular, if v and p are equivalent, then we have

T7'= Iy + Vy,

where is 1 is a 1-convex function. ¥ is called the dual potential of the MKP (u, v) and we have
the following relations:

1
S0+ v () + Sl - v >0,

for any x, y € W, and

1
60+ Y () + Slx = ¥ =0

y-almost surely.

Remark 3. Let (e,, n € N) be complete, orthonormal in H; denote by V,, the sigma algebra
generated by {deq, ..., 8e,} and let L, = E[L|V,]. If ¢, € Dy ; is the function constructed in
Theorem 3, corresponding to L,,, then, using the inequality (2.2), we can prove that the sequence
(¢n, n € N) converges to ¢ in D 1.

3. Calculations of estimates and their regularity, and relations with the Monge—Kantoro-
vitch measure transportation

Assume that X is an H-valued random variable defined on some probability space
(2, A,P); take 2 = 2" x W, P = P’ x uand J(@,w) = w so that X is independent
of J. In the sequel, for typographical reasons, we shall denote the r.v. J(6, w) with the same
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notation as the generic element of W, i.e., as w, since J (0, -) is equal to the identity Iy of W;
this should not create any ambiguity. Y denotes the observation defined as
Y=X+w.

Note that the law of Y, denoted by uy, is absolutely continuous with respect to w (in fact they
are equivalent) and the corresponding Radon—Nikodym derivative is given as

_ duy
l(w) = i (w)

1
/ exp {(x, W)y — 5|x|%,} a(dy),
H

where (x, w) g is defined as the limit in probability of the random variables ((7,w, x)g,n > 1),
where the probability is the product measure & X u, @ being the law of X, and (x, w) g is defined
as the limit in probability.

In the sequel we shall assume that X is exponentially integrable, i.e., the existence of an & > 0
for which

/ exple|x|glda(x) < oo,
H
holds true.

Proposition 1. The density [ has a modification which is almost surely real H-analytic.

Proof. Let us denote by L (x, w) the conditional density
L(x,w) =exp |:(x, w)y — %|x|%,j| .

We have
I(w) = /H L(x, w)a(dx),

and therefore

E[|V¥| yei] < E/ Ix |5, L(x, w)da(x)
H

= / x |5 do (x).
H

Hence
Ny
> an"an.w,H@k) < co.
k=0 """

This implies that the map Z(h, w), defined on H x W by
21
(h, w) — ;0 2 (Vi) B e

is almost surely well defined and Z(h, w) = I(w + h) almost surely. [

The following result is proven in [14]; for the sake of completeness, we give a short proof
here:
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Proposition 2. Let X be defined as X (Y) = E[X|Y] where E[X|Y] denotes the conditional
expectation of X given Y. Then, for any n > 1, we have
V' = X®n],

almost surely, where X®n s defined as @(Y) = E[X®"Y] and l(w) is defined as the
expectation of L(x, w) w.r.t. the measure o(dx).

Proof. Let £ € D(H) be any test function; it follows then from the Cameron—Martin formula for
W that

EL(VIY), 60 )u] = E (VL €]
_E [uw) / (x, E@) L, w)a(dx)}
_ E(X +w) (X, £(X + w)g]

= E[IX)X,§X)n]
= E[I(Y)E[X|Y],EX)nH],

where
1
L(x, w) =exp {(x, W)y — §|x|%1} .
For the higher order derivatives, the proof is similar. [J

Corollary 1. The density | is an H-convex function.

Proof. It suffices to show that the second derivative of [ is a positive operator-valued distribution.
This follows easily from the fact that

(VA h @ k) = (XD, h @ h)s
= IE[(X, h)}|Y]1=0
almost surely for any & € H, where (-, -); denotes the Hilbert—Schmidt scalar product. [

It follows from Proposition 2 that, p-almost surely, VXisa symmetric positive operator. In
fact we have

Theorem 4. There exists an H-convex and H-analytic function

FeD:ﬂﬂDP,k,

p>1keN
such that )A((w) = VF(w)u-almost surely.

Proof. It follows from Proposition 2 that VI = XI; taking the Sobolev derivative of both sides
we get

VI =VXI+X®VI
= VXI+ X ®XI. (33)

Again from Proposition 2, we have

V2 = X®2, (3.4)
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and since / > 0 p-almost surely, we obtain from the relations (3.3) and (3.4)
Vi=X®X-X®X, (3.5)

and hence VX is in the intersection of the spaces {L” (1, HQH), p > 1}; iterating this procedure
we see that, for any k € N, VKX isin all L? spaces, and hence it is in D(H). Moreover, from the
Jensen inequality and from the equality (3.5), we see that

(VXh,h)g = E[(X, )3|Y] — E[(X, )g|Y]* > 0

for any i € H almost surely. Hence it is, p-almost surely, a positive, symmetric operator on H.
The Poincaré decomposition of vector fields on (W, H, i) (which is also valid for the elements
of I/ (H); cf. [11]) says that

X =VF +a,
where F € D, o € D(H) with oo = (0. Hence
VX = V2F + Va.

Since, from the equality (3.5), VX is symmetric and since V2 F is also symmetric, it follows
that Vo is a symmetric operator; hence Vo = Va*, where Va* denotes the adjoint of Vo in H.
Therefore

E[(Sa) = E| |a|H] + E[trace (Va - Va)]
= E[|a|H] + E[trace (Va* - Va)]

Since all the terms are positive, we should have Va = 0; hence « is a constant, and hence it
is null. Consequently X = VF; moreover V2F is a positive operator, and therefore F is an
H-convex function, i.e., h — F(w + h) is convex on H almost surely. [

Remark 4. We have also the following important information which is a consequence of
Theorem 4:
1. It follows from VI = [ VF that LF = Llog!; hence log!/ = F — c and

| =exp{F — ¢},

where ¢ = log Elef].

2. Note that, if we replace in the model ¥ = X + w with ¥ = AX + w, where L € Ris a
parameter, the same reasoning implies that the function A F' is convex.

3. It follows from [3] that F has a modification with respect w, which is a convex function on W
in the ordinary sense.

Here are some further remarks:

Proposition 3. We have the following identities:
E[IX[35]— E[IXI3] = /d%,(u, Ly ) x (dx) — d3 (i, (Tw + X))

= 2/ L(x, w)log L(x, w)dude — df; (1, (Iw + X)),



A.S. Ustiinel / Stochastic Processes and their Applications 117 (2007) 1316-1329 1325
and

ElX3] - ENX()3] = / d% (1, sy x)ix (dx) — d3 (I, (Iw + VF)Ip).

I:roof. Since X = VF, it is clear from [5] that the measure on W x W defined by (Iw x (Iw +
X)) is the unique solution of the MKP on the set X'(u, (Iw + X)u). Hence we have

E[IX15] = dj (u, (Iw + X)p0).
Moreover, we have (cf. [5])

A7 (e, pypx) = X[y

= 2/ L(X, w)log L(X, w)u(dw),
w

where the last equality follows from the Cameron—Martin theorem. Consequently
EUXE = [ & mnpodux. O

Proposition 4. We have

&, (s uy) < /H e (dr) < oo,

and consequently, by Theorem 3, there exists a I-convex function A € Dy | such that py =
l- = {w + VA)u and the measure defined on W x W as (Iw x (Iw + VA))u is the unique
solution of the MKP(u, wy).

Proof. Recall that uy =1 - u (i.e., duy = Idw). It follows from the inequality of Theorem 1,
Jensen’s inequality and the Cameron—Martin theorem that

% (e, - ) < 2E[llogl]

x|,

> / [(w,xm - T} Lx, wya(dx)u(dw)
HxW

IA

2
|x|H

= 2/ |:(w +x,X)g — —i| o (dx)u(dw)
HxW 2

=/ x|%,a(dx) < oo.
H

Consequently v and py are at finite Wasserstein distance from each other and the proof is then
completed by an application of Theorem 3. [

Let us calculate also the image of the measure / -  under the map 7' = Iy + VF:

Theorem 5. There exists some G € D 3, which is 1-convex and H-concave such that, for any
f € Cp(W), one has

—1, 4T
f JfoTldu = f f)lo T (w)- = (w)du(w),
w w 122
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where
dTr 1
d_M = A(G) =detp(Ig + VQG) exp <—£G — §|VG|%1) .
)

Besides, G satisfies the following relations:

1
Fw) +G) + 3w =yl 20

forany (x,y) € W x W and

1
Fw) +G() + 3w =yl =0

y-almost surely, where y is the measure (Iy x T)u. Consequently

dT(.n) _ A(G)l o(Iw + VG).

dd.w) [
Proof. Since F is H-analytic and H-convex, we know already that T is invertible and its inverse
is of the form Iw + VG, where G € D, is the dual potential function of the MKP for
XY(u, Ti). Hence G is a 1-convex function; besides, the facts that F' is H-analytic and that
h — h 4+ V2F(w)h is invertible for almost all w € W, where the negligible set is independent
of the choice of i € H, imply that G is a C H*-map. The H-convexity of F implies that V¥ is
a positive operator; hence

V2G(y) = Up+VPF) L oT N (y) — Iy

is a negative operator. Consequently G is H-concave (cf. [3]); this implies in particular that VG
is a 1-Lipschitz map in the H-direction (cf. [13]). The rest of the proof follows from the change
of variables formula on the Wiener space (cf. [13], Chapter 3). O

4. Estimations of divergence

Assume that the signal X is defined on another Wiener space on which the Sobolev derivative
and the divergence operator are denoted respectively by V and §. In this setting it is useful to
have an expression for E [6m|Y), form € D »,1(H), where the latter denotes the Sobolev space
on this new Wiener space.

Proposition 5. Let m be as above, then we have the following identity:
E[Sm|Y] = E[(VuX.Y = X)u|Y],
almost surely.

Proof. Let a € D and denote by 6 the generic point of the Wiener space on which X is defined.
Using the partial integration by parts formula, we have
E[§ma(Y)] = E[5m©)a(X(0) + w)]
= E[m@)L(X (6, w))a(w)]
= E[(m(9), VL(X (6, w)))ga(w)]

- 1~
=E [(WZ(@), (VX(©), w)n — EVIX(G)I%) L(X(8), w)a(W)}

H



A.S. Ustiinel / Stochastic Processes and their Applications 117 (2007) 1316-1329 1327

= E[(VuX(©), w)g — (VX (0), X(0) 1) L(X (0), w)a(w)]

= E[(VuX (), w+ X)) r — (VuX(©), X)) r)a(w + X (0))]
= E[(VnX, V) — (VuX, X)p)a(¥)]

= E[(VpX,Y — X)ga(¥)]

and the proof follows. [
Remark 5. Note that in the last line of the above equalities, the term with the scalar product is
defined in the probabilistic sense as the limit
(VuX,Y — X)pg = lim (Vo X, maw) g
n—0o0
which is independent of the choice of the sequence (i, n > 1) due to the independence.

It is also interesting to calculate an estimate of the divergence of the vector fields which are
defined with respect to the initial Wiener measure:

Proposition 6. Let n € D, | for some p > 1 and denote the estimate of n as N(Y) = E[n|Y].
We then have the following relation:

E[én|Y] = @)(Y) — (VFX), 1(Y)n
= ($N¥) = XX, A¥)#,

almost surely.
Proof. Let a € D; since § is the adjoint of V with respect to , we have

E [$n(w)a(Y)] = E [(1. Va(¥)) 4]
E[(EY]. Va(¥))y]
(1), Va(1)) ,]
[1 (. Va),]
[
[

ad(ln)]
al {87 — (A, Viog }]
[a) {87(Y) — (A(Y), VF()}].

and since a is arbitrary, the proof is completed. [

=E
E
E
E
=FE

Since the scalar product in Proposition 5 is a divergence with respect to u, we have the
following

Corollary 2. Under the hypothesis and with the notation of Proposition 5, we have

E[Sm|Y] = E[(VyX,Y — X)g|Y]
= E[8(VuX)|Y]

= 8(Vu X)(Y) — (VE(Y), E[Vu XY ),

almost surely, where VX (Y) denotes E[V, X|Y].
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5. The Girsanov measures

Let T be the transformation 7'(w) = w + VF(w), where VF = X u- and py-almost surely.
Since F is a smooth H-convex function (it can be chosen even H -analytic if ;tx has exponential
moments), it follows immediately from [13] that T is an invertible and absolutely continuous
map. Let A = A7 be defined by

1
A =dety(Ig + V>F)exp {—EF — E|VF|%1} .
We have

Proposition 7. The paths {T (y), y € W} are Gaussian distributed under the measure

A
dv = Tdu,y.

In other words the law of the path y — T (y) under the probability v is equal to the Wiener
measure . This means in particular that the law of the random variable w — Y (w)+V F (Y (w))
is Gaussian under the initial probability measure.

Proof. Note that T = Iy + VF is a 1-monotone, H—C 1-shift on the Wiener space W. It follows
from Chapter VI of [13] that 7' is equivalent to i and T has a two-sided inverse S such that

ufwew:ToSw)=SoT(w) =w}) =1.
Since py is equivalent to u, the same relation holds also when we replace u with py. Let
f € Cp(W); then, it follows again from Chapter VI of [13] that
A
Ey fOTT = E[foTA]
= E[f],

where Ey denotes the expectation with respect to the measure uy. 0O

Remark 6. Note that the function F is also the unique convex (up to a constant) solution of the
Monge—Ampere equation with transformation 7 = Iy + VF:

AMoT)=1
pu-almost surely, where

dr
M=K
du

Without loss of generality, we may assume that we are working on the classical Wiener
space (cf. [13], to see how to insert the notion of time on an abstract Wiener space), i.e.,
W = Co([0, 1], R). Let us denote by (flT,t € [0, 1]) the filtration generated by T, i.e.,
.7-',7 = o{T:(Y), T < t}. Here it is important to note that ¥ represents the observation process.
We have, using the [t6—Clark representation theorem for the Brownian motion (¢, y) — T;(y),
where y represents the paths of Y,
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1
foT(X)=E)foT(Y)] +/ E\[(D; f) o T(V)|F/ T3 (Y)
0

1
— E[f1+ /0 Eu[(D, f) o T(YV)|FT1dT,(Y),

forany f €D, 1, p > 1.
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